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1 [Introduction

Txm meochanical behavior of composite materials
consisting of a family of strong fibers embedded in a weaker
matrix can be studied by using an idealized theory proposed by
Mulhern, Rogers, and Spencer [1].! The fibers are treated as
continuously distributed and inextensible, and the composite as
incompressible. These idealizations were used in a three-
dimensional theory of rigid-plastic materials. Later, Pipkin
and Rogers [2] generalized the model to arbitrary elastic, plastic,
or viscuelastic response in deformations of any magnitude, but
with restriction to plane deformations.

The idealized theory makes problems relatively easy to solve
[8-7]. Solutions typically exhibit an unusual feature: in-
finitesimally thin layers of infinite tensile stress. To gain some
assurance that thin layers of high stress can occur in materials
with small but nonzero extensibility and compressibility, some
exact solutions from classical elasticity theory were examined
[8], and it was found that the results of the idealized theory are
indeed compatible with the predictions of elasticity theory. The
elastic equations involve two small parameters, denoted € and ¢
in the present paper (Section 2). With fibers of small extensibil-
ity, € 1s small. Stress-concentration layers along fibers have
thicknesses of the order of €, and the tensile stress in them is of

1 Numbers in brackets designate References at end of paper.
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Boundary Layers in Fiber-Reinforced Materials
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Fig. 1 Cantilever beam with end load

the order of the total load predicted by the idealized theory,
divided by this thickness. If the bulk compressibility of the
material is also small, then ¢ is small. In that case, stress-con-
centration layers orthogonal to fibers can occur. The thickness
of such a layer is 0(c), and the stress in it is of the order of the
total load divided by c.

The idealized theory provides a simple method of determining
the gross features of a deformation, and it predicts the existence
and locations of stress-concentration layers. The order esti-
mates derived from elasticity theory can then be used to obtain
more realistic interpretations of the results. However, there
may be cases in which such results are not suficiently accurate.

In the present paper we develop a method of stress analysis
intermediate in accuracy and also intermediate in ease of ap-
plication between the idealized theory and the exact theory of
infinitesimal elastic deformations. Beginning with elasticity
theory and treating the extensibility of the material in a pre-
ferred direction as a small parameter, we use singular perturbation
methods to obtain approximate boundary-layer equations.
The problem is reduced to that of solving two Laplace equations
and, if higher-order approximations are wanted, a number of
Poisson’s equations.

The analysis is carried out in the context of a specific problem,
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the plane deformation of a fiber-reinforced cantilever loaded at
its outer end, Fig. 1. The analysis of this problem according
to the idealized theory, which is trivial, has been described
elsewhere [4]. The results are summarized in Section 3. Ac-
cording to the idealized theory, in this problem there are three
stress-concentration layers, one on each lateral surface and one
on the loaded end. The lateral layers appear because the ex-
tensibility € is small, and the end layer because of the smallness
of the compressibility ¢. In the present analysis we make use of
approximations based on the smaliness of €, but leave ¢ arbitrary
until the results are obtained. Thus, although we could analyze
the end layer by the same kind of singular perturbation methods
that we use for the lateral layers, in the present case the end
layer appears as a feature of the so-called interior solution.

Each unknown is represented as the sum of two parts, an in-
terior part which represents the solution throughout the bulk of
the beam, and a boundary-layer correction, which vanishes ex-
ponentially with distance from the boundary. The interior
solution is obtained (to lowest order) by setting € = 0 directly
in the elastic equations; this yields a Laplace equation for the
deflection. The interior solution satisfies the condition of
prescribed normal traction at the boundary fiber, but not the
condition of prescribed shearing traction. The boundary-layer
correction is required in order to bridge the gap between the
interior shearing stress and that prescribed on the boundary.

Within the boundary layer (Section 6), the solution is obtained
by first scaling all variables with appropriate powers of € and
then setting € = 0. The displacement parallel to the boundary
is found to be harmonic. The normal stress and the displace-
ment normal to the boundary are effectively constant through
the thickness of the boundary layer.

The interior solution (Section 8), which includes the solution
for the end layer, confirms the idealized theory and its interpre-
tation by order estimates in every respect. The boundary-layer
solution (Section 9) confirms the idealized theory for the most
part, but brings out an important failing of the idealized theory:
At the ecorners where the honndary layers meet. the snpporting
wall, elasticity theory predicts points of infinite stress. In the
idealized theory, these points are buried within extended stress
concentrations, and there is no indication that the stress is more
severe at such points than at any other part of the stress-con-
centration layer. Fortunately, the existence of point singulari-
ties at corners is to be expected from experience with ordinary
isotropic stress analysis. Thus, in interpreting results of the
idealized theory, one should cxpeet stross singularitios at points
where the stress would be singular in an isotropic material; at
these points, the estimate of stress as load divided by layer thick-
ness is not valid.

In the present paper, we obtain only the lowest-order approxi-
mate solution, but the theory is set up in such a way as to facili-
tate extension to arbitrarily high orders of approximation. The
present paper is based on a dissertation [9] in which such higher-
order approximations are discussed in more detail.

2 Plane Elastic Deformations of Transversely
Isotropic Materlals

‘We consider materials composed of straight, parallel fibers
distributed uniformly in a matrix of more compliant material.
Macroseopically, such composites can be treated as homogeneous
and transversely isotropic about the fiber direction. For in-
finitesimal elastic response, with fibers parallel to the r-axis, the
stress-strain relations are

€r = (G/E)o00 — (WG/EYoyy — (vG/E)0.,

ey = —WG/E)0s: + (G/EN0y, — W'G/E )0,

€ = — WG/ B0, — 0 G/E Yoy + (G/E )0, W
2ery = Oy, 2€2: = oz, €y = (1 + v G/E )0y
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Here, the stress components have been made dimensionless by
dividing each one by the shear modulus G (= Ggy).
‘We restrict attention to plane deformations in the z, y plane.
For these cases, from (1) we obtain
€r = Uz = €02z — 200yy),
€y = Vy = C20yy — 200€%0 s, (2)
26y = Uy + V2 = Oy
Here u and v are the displacement components in the z and y-

directions. The dimensionless parameters in these equations
are defined by

€z=§_ 1__,,2E 62_:[1_(,,/)2]_@.
E E ) ' E”’

3)
20 — v(1 + ¥')/(1 — B /B).
For reference, the equilibrium equations are
Ozz,0 + Oxy,y = O, Ozy,2 + Tyy,y = 0. (4)

We are interested in materials with small compressibility and
very strong fibers. The elastic constants accordingly satisfy [8]

G/E<1l, EBJ/EK] 0<1-—p <1 (5)

Consequently, the parameters € and ¢ are both small in com-
parison to unity, and they are given approximately by

e = G/E and c* = (1 — v )2G/E. (6)

In a previous paper [8] it was shown that in plane problems,
the equation satisfied by Airy’s stress funection involves only
two independent parameters, denoted €, and &. When e, is
small, these two parameters are practically the same as the
present parameters € and ¢:

e/e; = c/e. = 1 + 0(e?). (M

The significance of these parameters with respect to stress-
concentration layers has been mentioned in Section 1.

3 Cantilever: ldealized Theory

We consider the cantilever shown in Fig. 1. The beam is of
length L and height H. We make distances and displacements
dimensionless by letting L be the unit of length; thus the beam
occupies the region 0 <z £ 1,0 <y £ h = H/L. The dis-
placements are zero on the fixed end x = 0. Thesidesy = 0, A
are traction-free. The end z = 1 is loaded in shear by a (dimen-
sionless) load s(y) whose resultant is ¥

3

oxa(1, 4) = 0, (1, ) = s(y), F = f s(y)dy. (8)

0

The equations of the idealized theory are obtained by setting
€ = 0in (2). The displacement field is then easily found to be
a simple shear

u = 0, v = Fz/h. 9)

The shearing stress is equal to F/h at all interior points, so it is
discontinuous across the bounding fibers y = 0 and y = &k, and
also discontinuous across the bounding normal line x = 1 unless
the end traction s(y) is uniform

oayiz, y) = (F/R)S(y) — Sy — )]

= [(F/R) — s(ilSz — 1). (10)

Here S is the unit step function, unity for positive argument,
and zero for negative argument.
It then follows from the equilibrium equations that the tensiie
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stress o2 is zero except in the bounding fibers, where it is singular,
and a similar result is obtained for o,y

F/)A —~ 2)[8(y) — 6y — b, (11a)

[Fy/h - fy s(y’)dy’} 8(x — 1). (A1)
0

Here 8(z) is the Dirac delta. A more detailed discussion of
these results has been given clscwhere [4].

I

0'“,-(:1‘, y)

oy (T, ¥)

4 Boundary-Layer Theory

We now consider the same problem under the assumption that
the parameter € is small but not zero. The parameter ¢ is left
arbitrary, except for a mild restriction imposed by the assump-
tion of positive-definiteness of the strain-energy density. We
seek a solution valid asymptotically as € — 0. After a solution
has been obtained we will examine the consequences of taking ¢
to be small as well.

To simplify matters, we restrict attention to cases in which
the end load s(y) is an even function of ¥ — 4. In such cases,
02y and v are even functions, and 0., 04y, and v are odd. Ac-
cordingly, we can restrict attention to the lower half of the beam.
The modifications required when the end load is not symmetric
are discussed in the report [9] on which this paper is based.

From the results of the idealized theory (Section 3) and the
order estimates obtained from previous problems, we expect that
the elastic solution will involve a stress-concentration layer

along the boundary y = 0, with thickness of order e. For this
region, we introduce a stretched coordinate
n =y/e (12)

We anticipate that (2) and (4) can be approximated by simpler
equations when € is small, but that the simplifications which can
be made in the interior region will be different from those which
can be made in the boundary-layer region. To avoeid the proh-
lem of matching the boundary-layer solution to the interior solu-~
tion, we use the following device [10]. Every unknown function,
f, say, is written as the sum of an interior part fi(x, y) whose y-
derivatives are 0(1), and a boundary-layer correction f(z, 1)
whose g-derivatives are 0(1)

I = filz, y) + Flz, %) (13)

The part f is conceived as being transcendentally small when e
approaches zero with y fixed

F, y/e) = 0(er),

Then, in particular,

(y > 0, all n). (14)

fl@, ©) = 0. (15)

Thus f: is the solution at interior points, and f; 4 f is the solution
in the boundary layer.

5 Interior Equations

Let us separate every unknown into two parts as shown in
(13) and then use these expressions in (2) and (4). When e — 0,
at a fixed point ¥ > 0 the boundary-layer corrections approach
zero faster than any power of ¢, according to (14). Conse-
quently, the so-called interior variables satisfy (2) and (4) by
themselves for ¥y > 0. Similarly, the interior variables must
satisfy the boundary conditions at the ends z = 0 and z =
1 by themselves, but not the conditions at ¥y — 0 (and y = h).
Thus the interior component of the solution satisfies all of the
conditions of the original problem except the conditions of zero
traction on ¥ = 0 (and y = h), where the boundary-layer correc-
tions will be important.

Inspection of (2) and (4) shows that if all variables are 0(1)
(i.e., bounded as € — 0), then u is 0(e?). Consequently, we can
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obtain a better view of the relative importance of various terms
by writing

u = €U(z, y) (16)

and treating U as 0(1). For the interior components of the
variables 0.z, 0yy, T2y, and v, we write a;, 0y, 0, and V, respec-
tively. Then the equations satisfied by the interior variables are

U, = 0z — 200y, (17a)
V. = ctoy — 20€%0s, (17b)
Ve+ €U,y = o, 17¢)
02z + 0y =0, (17d)
G+ 0yy = 0. (17¢)

The terms involving €? in (17) are to be treated as known func-
tions. In the lowest order of approximation they are simply
omitted. If a solution to higher order is wanted, at each stage
these terms are evaluated by using the best previous approxima-
tion. We retain these terms in order to make such an iterative
procedure possible, although here we intend to obtain only the
lowest order approximation. Higher-order approximations, ob-
tained by expansions in series, are explained in more detail else-
where [0].

From (17b) and (17¢) we find that the shearing stress and nor-
mal stress are given in terms of the deflection V by

o =V,.+ €U,y oy = ¢V ,y + 2a€?o2). (18)

The tensile stress is obtained by integrating (17d) and using the
boundary condition (1, y) = 0

1 1
o, = f o de = V,,(1,y) — Vy(z,y) + € f U, dz. (19)
x

x

U is then obtained by integrating (17a) subject to U(0, y) = 0

z
U = f (0 — 2a0y)dx. (20)
0
By using (18) in (17¢), we obtain
Ve + Vigy = —€¥(c2U.z + 2002).4. 21)

The boundary conditions of no deflection at z = 0 and prescribed
shearing stress at « — 1 yicld

It

V,y) =0, (22a)
V..(1, ) = s(y) — €U,(1, y). (22b)

In Section 6 we show that the boundary-layer correction to gy
is 0(¢). With o,y = 0y -+ €5y, the condition of zero normal
stress on ¥y = 0 implies that

V., (z, 0) = —ec?dy(z, 0) — 2aes.(x, 0). (23)

The corresponding condition on y = h is obtained by symmetry

V(e h) = —Vyu(z, 0). (24)

By setting ¢ = 0 in (18)-(24), we find that the lowest-order
approximation is the same as that obtained by setting ¢ = 0 in
(2), except that (20) yields an approximation u = €*U more re-
fined than w = 0, which is of no great interest. Thus the de-
flection V can be calculated correct to lowest order simply by
omitting all terms involving € in the original equations. The
results concerning the boundary conditions at ¥ = 0 and y = h
are more important. First, only one condition is needed at each
of these boundaries, because the order of the system has been
lowered. Second, one condition is available, in spite of the
intervention of the boundary layers. For, the normal stress
changes so little through' the thickness of the boundary layer
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