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Dynamic Analysis of Fluid-Filled
Piping Systems Using Finite
Element Techniques

Two finite element procedures are described for predicting the dynamic response of
general 3-D fluid-filled elastic piping systems. The first approach, a low-frequency
procedure, models each straight pipe or elbow as a sequence of beams. The con-
tained fluid is modeled as a separate coincident sequence of axial members (rods)
which are tied to the pipe in the lateral direction. The model inciudes the pipe hoop
strain correction to the fluid sound speed and the flexibility factor correction to the
elbow flexibility. The second modeling approach, an intermediate frequency
procedure, follows generally the original Zienkiewicz-Newton scheme for coupled
Sfluid-structure problems except that the velocity potential is used as the fun-
damental fluid unknown to symmetrize the coefficient matrices. From comparisons
of the beam model predictions to both experimental data and the 3-D model, the
beam model is validated for frequencies up to about two-thirds of the lowest fluid-
filled lobar pipe mode. Accurate elbow flexibility factors are seen to be important

Sfor effective beam modeling of piping systems.

Introduction

The vibrations that occur in fluid-filled piping systems are
of interest in a variety of industrial, aircraft, and shipboard
applications. The interesting dynamic behavior includes both
water hammer (a transient phenomenon) and the steady-state
(time-harmonic) vibrations caused by unbalanced rotating
machinery such as pumps, for example. Since Callaway,
Tyzzer, and Hardy [1] recognized in their experimental work
the importance of the coupling between the vibrations of the
liquid and the pipe wall, a number of investigators have
proposed various techniques of mathematical modeling for
design and analysis purposes.

Most of these techniques have been restricted to straight
pipes. Some recent work, for example, was reported by El-
Raheb [2, 3], who used Koiter’s shell equations to analyze the
acoustic prapagation in a perfect, finite length, fluid-filled,
thin elastic cylindrical shell. There have also been some finite
element analyses of 2-D fluid cavities of general shape [4, 5].
These approaches, however, avoid the fluid-structure
coupling by requiring as input the impedance of the pipe wall.

There has been relatively little fluid-structure interaction
work involving general 3-D piping systems containing joints
such as elbows and tees. The first such analyses were probably
performd by Davidson, Smith, and Samsury [6, 7], who
recognized that a simplified beam model should suffice for
the relatively low frequencies which are often of interest. Low
frequency dynamic behavior is characterized by pipes which
respond only in their beam (rather than lobar) modes and by
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fluid wavelengths which are large compared to the pipe
diameter. Thus, for such situations, the fluid wave
propagation through the pipes is essentially planar. This
procedure, although fully general in concept, was im-
plemented in a special purpose computer program limited as
to the generality and size of problems which could be handled.

The same assumptions formed the basis of a finite element
procedure developed by Howlett [8] for aircraft hydraulic
systems. This procedure modeled the inside of the pipe as a
beam having zero bending stiffness. Elbows and tees were not
modeled explicitly. Instead, compatibility at a joint (elbow or
tee) was enforced by an additional constraint requiring the
conservation of fluid mass passing through the joint. The
Howlett analyses, however, apparently omitted the correction
to the fluid effective sound speed to account for the elasticity
of the pipe walls and the flexibility factor correction for the
ebows to account for the fact that curved pipes are con-
siderably more flexible than straight pipes of the same cross
section [9].

More recently, the transfer matrix approach was used by
El-Raheb [10] to calculate the beam-type dynamic response of
3-D multiplane piping systems consisting of straight sections
and elbows. One of El-Raheb’s conclusions was that the one-
dimensional acoustic assumption is valid for frequencies up to
about one-half the frequency of the lowest acoustic mode
having two waves around the circumference (n =2).

Schwirian and Karabin [11] developed another finite
element procedure which was similar to Howlett’s [8] except
that the fluid inside an elbow was apparently modeled with a
single straight axial member (‘‘spar’’ element) with fictitious
properties assigned to simulate properly the fluid mass and
compressibility. This model also included the pipe hoop strain
correction to the fluid sound speed and the flexibility factor
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correction to the elbow flexibility. No experimental validation
of the model was included in the paper.

One additional modeling procedure was formulated by
Hatfield and Wiggert [12], who used a transfer function
approach involving separate analyses of liquid and solid
components, followed by synthesis of the component
solutions. The scheme was validated for planar piping systems
by comparison with experimental data.

In general, beam models of fluid-filled elastic piping
systems are very attractive because of their simplicity. Finite
element approaches have the added feature of allowing
essentially arbitrary specification of geometry, boundary
conditions, loadings, and output requests. In addition, finite
element models of piping system can easily be combined with
models of the support structure.

In this paper, we will develop further the finite element
approach for low-frequency prediction by combining ideas
from the papers just mentioned. Our model is mathematically
equivalent to the Davidson-Smith-Samsury model [6, 7], a
nonfinite element approach. Our modeling scheme is similar
to those of Howlett [8] and Schwirian and Karabin [11] except
that we model elbows explicitly by a polygonal set of beam
elements for the pipe and axial members for the fluid. We will
also show the importance of assigning the correct flexibility
factors to the elbows. (In general, most classical means of
calculating flexibility factors are not adequate for elbows with
straight pipe extensions at the ends [13, 14].) The heam
modeling approach will be validated by comparing both to
experimental data (where available) and a general 3-D finite
element model which models the pipe as a shell and the
contained fluid with 3-D fluid finite elements. Since the latter
includes the essential physics of the fully coupled problems, it
provides a good test for the approximate models.

Low-Frequency Beam Model

For low-frequency dynamic excitation of fluid-filled elastic
piping systems, the pipes responds only in their beam (rather
than lobar) modes, and the wave propagation in the fluid
column is essentially planar. It is assumed either that the fluid
is initially at rest, or that the average flow speed is so small
compared to the sound speed that the acoustic response is
unaffected. Except for inertial effects, the fluid-structure
coupling is assumed to occur only at pipe hends and other
joints. Thus, the fluid is allowed to slide without friction in
straight sections of pipe. The circular pipe cross section is
assumed to remain circular. The equations satisfied by either
the fluid pressure or the axial component of fluid
displacement is the scalar wave equation; thus the fluid can be
modeled by an axial structural member (a rod element).

Finite element models are prepared using the following
procedure: Beam elements are used to model both the
straight sections and the elbows. If straight beam elements are
used, a minimum of three elements is recommended (on the
basis of some numerical testing) for 90-deg bends, regardless
of the spacing of grid points in adjacent straight sections. In
straight sections, the grid point spacing is dictated by the need
for accurate vibration modes in the frequency range of in-
terest.

Since a pipe bend is more flexible than an equivalent length
of straight pipe, the moments of inertia for the beam elements
in each elbow should be divided by the appropriate flexibility
factor. For piping system with straight sections not
significantly longer than the arc lengths of the clbows, the
elbow stiffness plays an important role in the dynamic
response and must be accurately modeled. Thus the flexibility
factors assigned to each elbow should apply to the elbow as it
is configured in the piping system. For example, the flexibility
factors for 90-deg elbows with straight pipe extensions are
sensitive to the length of those extensions [13, 14]. As shown
by Quezon and Everstine [14], idealized approaches such as
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those used in the ELBOW computer program [15] are
generally not adequate for predicting the flexibility factors of
90-deg elbows with straight pipe extensions.

For the acoustic fluid inside the pipe, a duplicate set of grid
points is defined to coincide with the pipe grid points. The
fluid is modeled with elastic rod elements (sometimes called
spars). which are equivalent to beam elements with zero
flexural and torsional stiffness. These elements are assigned
the actual mass density p for the fluid and a Young’s modulus
E is given by

E=B/(1+BD/E) (1

where B is the fluid bulk modulus of elasticity, D is the mean
diameter of the pipe, E, is the Young’s modulus of the pipe
material, and ¢ is the pipe wall thickness. The denominator in
equation (1) is a corrective factor which accounts for the
elasticity of the pipe [16-18].

The fluid, which is modeled with axial members, must have
only one independent degree of freedom (DOF) at each grid
point. The three rotational DOF are restrained at all fluid
points. Both transverse translational DOF at each fluid point
are constrained (using multipoint constraints or rigid links) to
move with the corresponding structural point. The only
remaining DOF, the axial DOF, is free to slide relative to the
beam. These constraints are applicable in both the straight
sections and the elbows. It is therefore convenient to define
for each elbow a separate cylindrical coordinate system whose
axis is perpendicular to the plane of the elbow and intersects
the center of the curvature. For elbows, the independent DOF
is thus the azimuthal translation. For each straight section, it
is convenient to define a separate Cartesian system with one
axis coincident with the pipe axis. It is emphasized that the
single independent fluid unknown is the axial displacement,
not the pressure. The fluid pressure can be recovered from the
finite element program in the usual way by requesting that
stresses in the fluid elements be calculated and printed.

Damping in the piping system can be directly incorporated
in the finite element model by entering the damping loss
factor as a material damping constant, which results in
complex material moduli.

Because of the versatility of finite element computer codes,
various boundary conditions on the fluid column are possible.
At a free surface (where the pressure vanishes), the fluid DOF
(the axial displacement) is left free, a natural boundary
condition. At a fixed boundary, the unknown is restrained. If
the pipe model is part of a very long system, in which case a
nonreflecting fluid boundary is needed, the plane fluid waves
can be absorbed by attaching to the fluid DOF a dashpot
whose constant (ratio of axial force to velocity) is pcA, where
p is the fluid mass density, ¢ is the effective sound speed in the
fluid column, and A is the cross-sectional area of the fluid
column. For a pipe that opens into a large volume of fluid
(e.g., the sea), the appropriate boundary condition is that of a
piston in an infinite baffle [19], in which case the scalar added
mass 8pa’/3 is applied, where a is the radius of the opening.
For a pipe with a closed end, the axial fluid displacement at
the end is tied to the axial structural displacement using a
multipoint constraint equation or rigid link.

The beam model just described can be applied using many
general purpose finite element structural analysis codes
without modification. The analysis is performed in a singlc
pass with the fluid-structure coupling included in the model.
The resulting model has seven independent degrees of
freedom at each grid point location, six for the pipe and one
for the axial component of fluid displacement. For matrix
bandwidth reasons, each fluid grid point should be sequenced
adjacent to its corresponding structural point. The major
limitation of the model is that it is a low-frequency model.
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Fig.2 Finite element model of planar piping system: (a) dry pipe; (b)
fluid finite element mesh in cross section

Intermediate Frequency 3-D Model

For the finite element dynamic response prediction of
piping systems at frequencies for which beam models are not
valid, general three-dimensional models are required. In
general, this approach models the pipe with shell clements and
the contained fluid with 3-D acoustic finite elements. Thus the
pipe need not respond only as a beam (for which the cross
sections are rigid), and nonplanar fluid response is allowed.
Such a model generally requires thousands of degrees of
freedom, even for simple piping systems. Thus, although 3-D
models may find only limited use (given current computing
power), they are particularly useful for validating ap-
proximate models such as beam models since the limitations
of the approximate model can then be determined.

The 3-D analyses made here use the generally classical
procedures which evolved from the work of Zienkiewicz and
Newton [20], except that the velocity potential is used as the
fundamental fluid unknown to retain matrix symmetry
[21-23]. NASTRAN was used for all analyses.
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Table 1 Characteristics of planar piping system
Pipe (4-in. 70-30 Cu-Ni)

Outside diameter (0.d.) 4.51in.
Minimum wall thickness 0.203 in.
Nominal wall thickness 0.232in.
Young’s modulus 22,000,000 psi
Poisson’s ratio 0.294
Weight density 0.323 Ib/in®
LElbow
Bend radius (R) 4in.
Bend angle 90 deg
Fluid (2190 TEP oil)
Actual bulk modulus 282,000 psi
Effective bulk modulus in pipe 228,000 psi
Weight density 0.0315 1b/in®
Example 1: A Planar Piping Systeimn

The formulations described in the preceding sections will be
illustrated first on a simple planar piping system for which
experimental data are available [6]. This system, shown in
Fig. 1 and described in Table 1, consists of two straight
sections of standard 4-in. copper-nickel pipe connected by an
elbow. The system is filled completely with lubricating oil. At
the fixed end of the pipe, the fluid was driven by a piston
designed to excite only the fluid.

Both beam and 3-D models were prepared for this piping
system using the finite element approaches described in the
preceding sections. The heam maodel consisted of ten beam
elements in each straight section and eight elements in the
elbow. For this 2-D problem, each fluid and structural grid
point had, respectively, one and three degrees of freedom
(DOF). The beam model thus had 112 DOF. The elbow
flexibility factor used for the beam analysis was 8.14, which
was computed by the ELBOW computer program [15]. For
inplane moment loads on elbows with long straight sections,
ELBOW has been shown to be satisfactory, although it does
overestimate the flexibility factors slightly [14].

The mesh used for the 3-D model is shown in Fig. 2. The
structural element used is a low-order four-node quadrilateral
plate (NASTRAN’S QUAD?2). Because of symmetry, only
half of the circumference (180 deg) was modeled. The model
has ten elements in the circumferential direction, 19 elements
longitudinally in each straight section, and nine elements in
the clbow. The dry pipe thus had about 2800 DOF. The fluid
finite element mesh had two elements (a constant strain wedge
and an eight-node isoparametric hexadehron) in the radial
direction between the center of the pipe and the shell. With the
fluid added, the size of the 3-D model increased to about 3900
DOF.

The assumed uniform loss factor used for all calculations
for this piping system was 0.0262, independent of frequency.
This value was sclected on the basis of previous experimental
experience with similar systems.

The results of the analyses for this system are shown in Fig.
3 over the frequency range 10 Hz to 10,000 Hz. Mobility
respuuses (the ratio of velocity response to driving force) are
shown for both analytical models and the Davidson-Smith
experimental data [6].

The n=2 lobar frequency for a long pipe can be estimated
from the classical formula [24] for the planc strain vibrations
of a ring. For a dry ring, the lowest n =2 frequency is

f=(1/27) [3E;1*/5p,r* (1 — p2)172 )
where E;, ps, and » are, respectively, the Young’s modulus,
mass density, and Poisson’s ratio for the pipe material, ¢ is the
wall thickness, and r is the mean radius. Thus, from equation
(2), for 4-in. Cu-Ni pipe, the lowest n =2 lobar mode occurs at
about 1066 Hz for dry pipe. The corresponding fluid-filled
frequency can be estimated if p; in equation (2) is replaced by
the effective density p. for the structure-fluid combination:
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Fig. 3 Mobility of planar piping system: transverse response at free
end

Pest = ps + p1/2t 3)
where p is the fluid mass density. With this correction, the

lowest n=2 lobar frequency for oil-filled 4-in. Cu-Ni pipe is
about 888 Hz.

Example 2: A Nonplanar Piping System

Although the results for the planar system show generally
good agreement between the beam results and both the 3-D
results and the experimental data, this planar system does not
provide an adequate test of a beam model. One difficulty
which arises with nonplanar systems is that the flexibility
factor k is hard to calculate. Although idealized approaches
for calculating & do not distinguish bctween inplanc and out-
of-plane cases, it has been shown [14] that, for 90-deg elbows
with straight pipe extensions, the out-of-plane flexibility
factor differs considerably from the inplane factor. In ad-
dition, many piping systems of practical interest have straight
sections which are not so long (relative to the elbow arc
length) as in the planar system of Example 1. We would
expect the elbow flexibilities to become more important to the
overall dynamic response for systems with shorter straight
sections.

Here we consider a complex 3-D piping system (Fig. 4)
consisting of four straight sections and three elbows (two 90-
deg elbows and one 45-deg elbow). The pipe is filled com-
pletely with fresh water. Fluid free surfaces are assumed at
both ends of the system. (Experimentally, such conditions
could be simulated approximately by capping the ends with
flexible rubber wembraies.y The loading for this system is a
time-harmonic force applied to the structure in the axial
direction at point 1. The entire system is assumed to be freely
suspended. No experimental data are available for this
sSysteu.

Both beam and 3-D finite element models were prepared for
this piping system. The beam model, which consisted of 21
beam elements, had 154 DOF. The 3-D model (Fig. 4) had
about 7500 DOF (dry) and 9900 DOF (fluid-filled). The
assumed loss factor used for both analyses was 0.02, in-
dependent of frequency.

Response predictions for this system are shown in Fig. 5.
Since the same pipe size is used as in the planar system, the
lowest n=2 dry lobar mode occurs at the same frequency,
1066 Hz. This pipe, however, is filled with water rather than
oil, so the lowest fluid-filled » =2 lobar frequency is slightly
lower: 867 Hz.

The flexibility factors for the 90-deg elbows in the beam
model were estimated from the tables published by Quezon
and Everstine [14] for 90-deg elbows with various lengths of
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Fig.4 Finite element model of nonplanar piping system (two views)
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Fig. 5 Acceleration response of nonplanar piping system: transfer

point accelerance

Table2 Flexibility factors for nonplanar piping system

Flexibility factors

Elbow Based on reference [14]
Elbow Effect
Inplane Out-of-plane program {15] ignored
1(90-degSR) 5.0 2.8 7.8 1.0
2(90-degSR) 5.4 2.8 7.8 1.0
3(45-degLR) 4.2 3.7 5.2 1.0

pipe extension. The flexibility factors for the 45-deg elbow in
this system were estimated from similar tables now being
compiled for 45-deg elbows. The flexibilty factors used in this
beam analysis are listed in the second and third columns of
Table 2.

As seen in Fig. 5, the two analyses (beam and 3-D) are in
very close agreement up to about two-thirds of the lowest
n=2 fluid-filled lobar mode (867 Hz) of the pipe. This
agreement indicates that the beam model is a valid model for
low frequencies.

Sensitivity of Response to Flexibility Factors

Here we use the beam model of the nonplanar piping
system to determine the effects of errors in the flexibility
factors used in the analysis. Because the low-frequency beam
results agree well with the 3-D model results in Fig. 5, the
flexibility factors used are considered reasonably accurate.

For comparison purposes, analyses were also made using
two other sets of flexibility factors. The first set was that
calculated by the ELBOW computer program [15]. ELBOW is
probably typical of the idealized approaches used by piping
designers. The ELBOW program flexibility factors, which are
in close agreement with the ASME code [25], are listed in
column 4 of Table 2.
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The second additional set of flexibility factors used for an
analysis was obtained merely by setting £ = 1.0 for all fac-
tors. This analysis would show the consequences of ignoring
the flexibility factor effect entirely.

‘t'he response predictions for all three sets of tlexibility
factors are shown in Fig. 6, in which the drive point ac-
celerances (the ratio of acceleration to force) are plotted over
the frequency range 100 Hz to 1000 Hz (the low-frequency
regime). Figure 6 clearly indicates the importance of using
accurate flexibility factors in the analysis.

Discussion and Conclusions

We have described two different finite element modeling
procedures for predicting the dynamic response of general 3-
D fluid-filled elastic piping systems. The beam model, a low-
frequency procedure. was. for the nonplanar system con-
sidered, valid for frequencies up to about two-thirds of the
lowest fluid-filled lobar (n=2) pipe mode. For frequencies
between that and the lowest n=2 mode, the general finite
element modeling procedure described could be used,
although at great expense. For still higher frequencies, where
the modal density is high, the finite element approach remains
theoretically valid, but the analyst is probably wiser to use
statistical techniques [26] instead.

It was shown that the accuracy of beam analyses of piping
systems depends strongly on the accuracy of the flexibility
factors used. Such factors are not required in the 3-D finite
element model since they are implicit in a shell model of the
pipe.

Finally, the beam analyses presented here used straight
beams to model the bends (elbows). It would clearly be
preferable to use instead curved beam elements, if available.
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