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3.3 SYMMETRY

The finite-element analysis of engineering problems with complex geometry is tedious at best.
However, for problems with symmetry, it is possible to gain some information about the
solutions from the symmetry alone [35-41]. Moreover, with symmetry present, the analyst
needs to model only a portion of the overall region of interest, thereby saving both the
analyst’s time and the computer’s time, the former generally being the more valuable. For
example, a structure possessing one plane of mirror symmetry can be analyzed by modeling
only one-half the structure, whether the loads are symmetric or not. Nonsymmetric loads,
for which case the half structure must be analyzed twice, still have benefits, since a half
structure generally costs much less than half as much to analyze as the complete structure
would cost. For a half structure, the total number of degrees of freedom N in the model is
about half that of an equivalent full model, and the model’s matrix bandwidth B (either
maximum or average) is also usually reduccd, somctimes by as much as 50%. The overall
computer solution involves equation solving (for which the computer time is proportional
to NB?) and numerous other operations (for which the time is roughly proportional to N) [2].

To be useful, symmetry must be exploited systematically and with confidence. This section
reviews and summarizes the basic concepts involved in the systematic application of symmetry
in finite-element analysis, where symmetry refers to objects rather than physical laws [42] or
materials. In general, group theory is the mathematical language for discussions of symmetry
(particularly in quantum mechanics), but such an approach is not necessary for finite-element
applications and will not be used here. This discussion will, at times, emphasize structural
applications since most finite-element analyses are in that area; however, the same concepts
carry over into other areas.
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3.3a Types of Symmetry and Definitions

In engineering applications, the most commonly encountered types of symmetry are reflective
(or mirror) symmetry, rotational (or axial) symmetry, and inversion symmetry [39]. Examples
of these three types are shown in Fig. 3.30.
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FIG. 3.30 Examples of different types of
symmetry: (a) Reflective symmetry. (b)
Rotational symmetry (¢) Inversion sym-
metry.

An object possesses symmetry if the application to the object of some operation (such as
a reflection, rotation, or inversion) transforms the object into an equivaient configuration.
For engineering applications, this characterization of symmetry requires not only geomerrical
symmetry, but also symmetry with respect to material properties and restraints. For example,
in Fig. 3.30b, if one propeller blade were made of aluminum and another of bronze (an
unlikely situation), there would be no symmetry to cxploit. In some situations, other properties
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may also play a role in deciding the presence of symmetry; for example, thermal radiation
problems require symmetry with respect to color. Symmetry can normally be identified by
inspection.

The characterization of symmetry in a particular situation is not necessarily unique. For
example, the symmetry of Fig. 3.30c can also be characterized as a sequence of two refiections,
one in the yz-plane followed by one in the xz-planc, or vice versa. The same structure could
also serve as an example of a structure with rotational syminetry (with a rotation angle of 180°).

In general, reflective symmetry is viewed as the fundamental type of symmetry, since it
can be shown that all symmetric transformations of finite figures in three dimensions reduce
to successive reflections in not more than three planes (which might not even be planes of
symmetry) [43]. }

Once the symmetry properties of a structure are identified, the loads can be addressed.
The question of whether a given system of loads is symmetric depends on the structure to
which that system is applied. Specifically, a system of loads, when applied to a structure
possessing certain symmetry, is defined as symmetric if it is transformed into an equivalent
configuration by the symmetry operations of the structure [39]. The system of loads is defincd
as antisymmetric if the symmetry operations plus a negation of signs of all loads transform
them into an equivalent configuration. For example, the loads in Fig. 3.31 are symmetric
when applied to that structure, whose symmetry is characterized by the sequence of two
reflections indicated above.
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FIG. 3.31 A structure with symmetric loads.

3.38 The Guiding Principle

The principle on which all applications of symmetry are based is that *“equivalent causes
produce equivalent effects,” or, more generally, “the effect is at least as symmetric as the
cause” [35. 39]. In the context of structural mechanics, the practical effect of this principle
is that symmetric loads produce symmetric efiects (displacements, stresses, etc.) and antisym-
metric loads produce antisymmetric effects.

3.3c Boundary Conditions

When only a portion of a symmetric structure is modeled, the basic principle provides the
tool for systematically deriving the symmetric or antisymmetric boundary conditions which
must be applied at artificial boundaries introduced because of symmetry. Emphasis in this
section will be restricted to planes of symmetry, since reflective symmetry has already been
identified as the fundamental type of symmetry.



4186 PART FOUR: FEM COMPUTATIONS

Consider, for example, the symmetric region shown in Fig. 3.30a, where P denotes a
typical point in the plane of symmetry. Define a cartesian coordinate system with the
x-direction normal to the plane of symmetry and the yz-plane parallel to the plane of
symmetry. To derive the symmetric and antisymmetric boundary conditions to be applied at
P if only half the region is modeled, (1) consider in turn each displacement component at
that point, (2) apply to that component (assumed to be nonzero) the symmetry (or antisym-
metry) operations characterizing the structure, and (3) observe whether or not the component
is transformed into itself. If it is not transformed into itself, the component must vanish in
order not to violate symmetry. The relevant symmetry operation is a reflection onto the
yz-plane containing point P. The antisymmetry operations consist of the same reflection
followed by a negation of sign. For example, assume that u,, the x-component of displacement,
is nonzcro at P. The reflection produces an image of u, with the opposite oricntation. The
additional negation of sign (for antisymmetry) yields a result coinciding with the original
configuration. Therefore, u, must vanish at P in order not to violate symmetry, but u, may
be nonzero for antisymmetric behavior. Similarly, we find that u, and u, vanish at P for
antisymmetric behavior and may be nonzero for symmetric behavior.

Rotational degrees of freedom, if present, require slightly different treatment. Let points
1 and 2 in Fig. 3.30a be image points of each other. Symmetric moments applied to these
points must have opposite signs. For example, if the moment M, =101b - in is applied at
point 2, its symmetric counterpart is the moment M, =—101b - in at point 1. In other words,
the reflection of an axial vector (a rotation or moment) onto a plane requires an additional
negation of sign compared with the way true vectors reflect [39]. The mathematical basis for
this result is that reflection is an improper orthogonal transformation.

The application of the symmetry operation (reflection) to the rotational components R,,
R,, and R, at point P in Fig. 3.30a indicates that for symmetric behavior, R, and R. must
vanish in order not to violate symmetry, and R, =0 for antisymmetry. To summarize, the
boundary conditions to impose at point P are

u,=R,=R; =0 for symmetry
(3.18)
R.,=u,=u,=0 for antisymmetry

The results expressed in these equations may be generalized as follows: Points lying in a
plane of symmetry can sufier no translation out of the plane and no rotation about in-plane
lines. For antisymmetry the complementary set of degrees of freedom is constrained. The
complcmentary naturc of the symmetric and antisymmctric boundary conditions is a general
result which follows from the observation that the only distinction between antisymmetry
and symmetry is the additional negation in the symmetry operations.

When higher-order derivatives are used as degrees of freedom, additional symmetric and
antisymmetric constraints are also required. Such constraints are most easily derived from
the observations that u,, the translational component of displacement normal to a symmetry
plane, is either an odd or an even function of x, depending on whether the behavior is
symmetric or antisymmetric, respectively. Similarly, the translational components of displace-
ment parallel to a symmetric plane are even and odd in x for symmetric and antisymmetric
behavior, respectively [44]. For even functions of x, the odd-order derivatives with respect
to x must vanish for symmetry, and the even-order derivatives with respect to x vanish for
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antisymmetry. Conversely, for odd functions of x, the even- and odd-order derivatives with
respect to x vanish for symmetry and antisymmetry, respectively. As before, the set of degrees
of freedom constrained as a consequence of symmetry is complementary to the set which is
constrained as a consequence of antisymmetry; i.e., whichever freedoms are constrained for
symmetry will be free for antisymmetry, and vice versa. This follows directly from the
definitions, since the only real distinction between symmetry and antisymmetry is the addi-
tional negation that distinguishes even from odd functions. Thus, if one can determine for
some problem the (correct) symmetric boundary conditions, the antisymmetric conditions
consist of the complementary set of degrees of freedom. One consequence of this property
is that the total number of degrees of freedom arising from symmetric and antisymmetric
models of a structure must equal the original number of degrees of freedom for the entire
structure, disregarding symmetry.

The symmetric conditions for scalar field problems (e.g., heat conduction or potential
fluid flow) are obtained as special cases of the preceding development. At a plane of symmetry,
the normal derivative of the field variable vanishes: this is a natural boundary condition in
finite-element analysis. For antisymmetry, the function itself must vanish at a plane of
symmetry.

3.3p Nonsymmetric Loads

In general, most load systems applied to structures are neither symmetric nor antisymmetric,
but nonsymmetric. However, any nonsymmetric system can always be uniquely decomposed
into the sum of a symmetric and an antisymmetric system of loads [45, 46], as, for example,
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FIG. 3.32 Decomposition of nonsymmetric loads.

in Fig. 3.32. Given arbitrary loads F, and F; at a point 1 and its image, point 2, the symmetric
part of the load F, and the antisymmetric part F, are given by

_FkR+tF
ST
(3.19)
FnzFx"Fz
2

In linear problems, to which the principle of superposition applies, only half the problem
shown in Fig. 3.32 needs to be modeled. The analyst would model the left half, say, and
solve the problem in two steps: (1) the symmetric part of the load is applied along with
symmetric boundary conditions at the middle M, and (2) the antisymmetric part of the load
is applied along with antisymmetric boundary conditions imposed at M. Thus, we have Fig.
3.33a, for which the symmetric (S) and antisymmetric (A) boundary conditions are given in
Eq. 3.18. Adding the two solutions in Fig. 3.33a yields the solution of the original problem
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FIG.3.33 Superposition of symmetric and antisym-
metric solutions. (a) Modeled side. (b) Unmodeled
side.

only for the left side of the structure (the modeled side). To obtain the solution for the right
side (the unmodeled side), the two solutions can be subtracted, as indicated in Fig. 3.33b.
Taking the difference of the symmetric and antisymmetric solutions has the practical effect
of reversing the role played by the left and right sides. Thus, even though only the left side
is modeled, the entire solution can be obtained.

3.3 Multiple Planes of Symmetry

The rectangular region shown in Fig. 3.34 possesses two planes of symmetry (xz and yz);
hence the problem can be decomposed into four parts, as shown. Any quadrant can be chosen
to be modeled, and the four combinations of symmetric and antisymmetric boundary condi-
tions (SS, SA, AS, and AA) imposed on the points lying in the two planes of symmetry. The
four solutions can be combined in various ways to yield the solutions in all four quadrants
[41, 46].
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FIG. 3.34 Multiple planes of symmetry.

3.3r Free Vibrations -

The foregoing discussion has been devoted exclusively to statics problems, but free-vibration
problems (eigenvalue problems) can also exploit symmetry. The calculation of all natural
frequencies and mode shapes of a symmetric structure would require one eigenvalue analysis
for each unique combination of symmetric and antisymmetric boundary conditions. For
example, the natural frequencies of the region of Fig. 3.34, which has two orthogonal planes
of symmetry, can be obtained by modeling only one quadrant and applying, in turn, each
of the four combinations of boundary conditions.
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The total number of degrees of freedom involved in the four component problems of Fig.
3.34 exactly equals the original number of DOF contained in the complete problem [44, 47].
This follows as a direct consequence of the symmetric and antisymmetric boundary conditions
involving complementary sets of DOF. Thus we have “conservation of DOF.” If this were
not so, we would have the disturbing situation in which the mere application of symmetry
would result in the creation or destruction of DOF. The purpusc of applying symmetry is,
of course, to solve a problem with less effort rather than to create a different one.

3.3¢ Time-Dependent Problems

All the preceding results for statics problems also apply to linear transient (time-dependent)
situations, except that the entire history of time-dependent loads must be decomposed into
symmetric and antisymmetric parts. This decomposition has been illustrated in the context
of underwater shock response, for example, by Everstine [48].

3.34 Finite Elements in Planes of Symmetry

Special consideration is necessary to treat the situation in which elements lie entirely in the
plane of symmetry (i.e., the grid points which define the element lie entirely in the plane).
For example, in the stiffened plate shown in Fig. 3.35, the beam stiffener (modeled with beam
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FI1G.3.35 An example of a symmetry plane con-
taining a finite element.

elements) lies entirely in the xz-plane, which is a plane of structural symmetry. Although the
symmetric boundary conditions are unaffected by this situation, care must be exercised in
computing the geometrical properties of a beam element lying in the plane of symmetry. In
particnlar, the properties for each “‘half element” should be specified so that the half element
receives one-half the total stiffness rather than one-half the cross section. For example,
properties such as area A, cross-sectional moments of inertia I, I,, and I,,, and torsional
constant J are first computed for the full cross section before entering one-half of those
values. (Note that J and either I, or I, do not depend linearly on individual cross-sectional
dimensions.)

To prove the validity of this approach, we need only treat each half the symmetric structure
as a ““superelement” involving many grid points. Then, if the two sides arc recombined using
the usual rules of matrix assembly, the resulting stiffiness matrix would have to be the correct
stiffness matrix for the entire structure. Thus, when an element is cut in half by a plane of
symmetry, cach side receives one-half the total stifiness.
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3.31 Cyclic Symmetry

Many structures, including turbine and pump impellers, rotating machines, space antennas,
and propellers, exhibit rotational symmetry such as that shown in Fig. 3.30b. Such structures
are made up of identical segments arranged symmetrically with respect to an axis. Because
of symmetry, the only portion of the structure that must be modeled and analyzed is the
smallest repeating segment.

Although several contributions have been made to various aspects of the problem [6, 36,
49-57], the most general treatments are those of Hussey [54], MacNeal, Harder, and Mason
[6], and Thomas [55]. In the work by MacNeal, Harder, and Mason, an automated procedure
was developed for both simple rotational symmetry and dihedral symmetry, a special case
in which each segment has a plane of reflective symmetry. The theoretical approach, which
is too lengthy to be repeated here, is based on a finite Fourier series transformation in the
azimuthal coordinate. Nonsymmetric loads can also be handled. Irons and Ahmad include
a good discussion of cyclic symmetry (referred to as sectorial symmetry) [58].

A special case of cyclic symmetry occurs with axially symmetric structures (bodies of
revolution) for which the geometry is completely independent of the azimuthal coordinate.
Nonsymmetric loads for such situations are often handled for linear problems by expanding
the loads and all solution variables in a truncated Fourier series in the azimuthal coordinate.
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