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A new computational capability is described for calculating the sound-pressure field radiated
or scattered by a harmonically excited, submerged, arbitrary, three-dimensional elastic
structure. This approach, called NASHUA, couples a NASTRAN finite element model of the

- structure with a boundary element model of the surrounding fluid. The surface fluid pressures
and normal velocities are first calculated by coupling the finite element model of the structure
with a discretized form of the Helmholtz surface integral equation for the exterior fluid. After
generation of the fluid matrices, most of the required matrix operations are performed using
the general matrix manipulation package available in NASTRAN. Farfield radiated pressures are
then calculated from the surface solution using the Helmholtz exterior integral equation. The
overall capability is very general, highly automated, and requires no independent specification
of the fluid mesh. An efficient, new, out-of-core block equation solver was written so that very
large problems could be solved. The use of NASTRAN as the structural analyzer permits a
variety of graphical displays of results, including computer animation of the dynamic response.
The overall approach is illustrated and validated using known analytic solutions for submerged
spherical shells subjected to both incident pressure and uniform and nonuniform applied

mechanical loads.

PACS numbers: 43.20.Tb, 43.30.Jx

INTRODUCTION

Two fundamental problems in structural acoustics are
(1) the calculation of the farfield acoustic pressure field ra-
diated by a general, submerged, three-dimensional, elastic
structure subjected to internal time-harmonic loads and (2)
the calculation of the farfield acoustic pressure scattered by
an elastic structure subjected to an incident time-harmonic
wavetrain. These problems can be solved by combining a
finite element model of the structure with a fluid loading
computed using finite element,'™ boundary element,*"*
combined finite element/analytical,’”'® or T-matrix
techniques. In addition, a boundary element fluid model has
also been combined with a boundary element structural
model.'” Chen? recently reviewed developments occurring
in this area up to about 1982.

Although all these approaches are computationally
intensive for large structural models, the most practical
approach for accurate, large-scale, computational structural
acoustics predictions is probably the coupled finite
element/boundary element approach. The fluid finite ele-
ment approach is burdened with the additional complica-
tions caused by the approximate radiation boundary condi-
tion at the outer fluid boundary, the requirements on mesh
size and extent (sometimes leading to frequency-dependent
fluid meshes®), and the difficulty of generating the fluid
mesh.

In contrast, the boundary element or boundary integral
equation ( BIE) approach for generating the fluid loading is
mathematically exact (except for surface discretization er-
ror) and requires little or no additional modeling effort to
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convert an existing model of a dry structure for use in sub-
merged analyses. The boundary element approaches cited
above differ from each other in geometric generality (three-
dimensional or axisymmetric), structural formulation (di-
rect or modal), fluid formulation (simple source or Helm-
holtz integral equation), order of fluid polynomial
approximation (constant, linear, or quadratic), and method
of avoiding the interior characteristic frequencies. In addi-
tion, the various approaches differ in such practical consid-
erations as the finite element code used and the degree of
automation in the implementation.

Here, we describe a new, large-scale computational ca-
pability known as NASHUA, which couples a NASTRAN?!%?
finite element model of a structure with a fluid loading calcu-
lated with a discretized form of the Helmholtz surface inte-
gral equation. None of the capabilities developed previously
to solve the fluid—structure interaction problem was devel-
oped for a widely used structural analysis code such as
NASTRAN.

This implementation. differs from the previous ap
proaches in several important ways. First, the use of
NASTRAN allows considerable generality in the structural
model, including the capability to treat internal fluid vol-
umes.”*?* In addition, the acoustic analysis of a structure
can be integrated with other dynamic and stability analyses,
and many of the pre- and postprocessors developed for use
with NASTRAN (e.g., computer animations®) can be used.
Moreover, the reduction in structural stiffness caused by hy-
drostatic pressure can be easily accounted for using the geo-
metric stiffness matrix used in elastic stability analyses.'*

Second, no independent fluid mesh need be specified.
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The NASHUA approach locates fluid grid points at the wet
structural points (rather than at structural element cen-
troids) and obtains normals and areas by applying a unit,
outwardly directed static pressure load on the wet surface.
Since a first-order fluid approximation is used (to allow con-
venient coupling with the first-order shell elements often
used by the finite element practitioners), explicit integration
over the surface elements is avoided by using Chertock’s ap-
proach® to compute the influence of a fluid point on itself
(the “self ”* terms in the fluid matrices). This approach also
avoids the more costly numerical evaluation of integrals
used in other formulations.

Third, a new out-of-core block equation solver?’ was
written to solve efficiently the large, complex, fully populat-
ed, nonsymmetric system of algebraic equations that arises.
As a result, very large problems (with tens of thousands of
structural degrees of freedom) can be solved.

In general, the finite element program (NASTRAN) is
used to generate the structure’s stiffness, mass, and damping
matrices and to perform various matrix manipulations. Oth-
er programs are used to generate the fluid matrices, perform
the field calculations, and display the results.

The purposes of this paper are to describe the theoretical
approach used and to demonstrate its validity by comparing
calculated results with closed-form or classical series sohi-
tions for acoustic radiation and scattering from spherical
shells. For the radiation calculations, both uniformly driven
and sector-driven shells will be considered.

I. THEORETICAL APPROACH
A. The structure

Consider an arbitrary, submerged, three-dimensional,
elastic structure subjected to either internal time-harmonic
loads or an external time-harmonic incident pressure wave-
train. If the structure is modeled with finite elements, the
resulting matrix equation of motion for the structural de-
grees of freedom (DOF) can be written as

Zv=F— GAp, (1)

where Z is the structural impedance matrix (dimension
52X ), vis the complex amplitude of the velocity vector for all
structural DOF (wet and dry) in terms of the coordinate
systems selected by the user (s ), Fis the complex ampli-
tude of the vector of mechanical forces applied to the struc-
ture (5Xr), G is the rectangular transformation matrix of
direction cosines to transform a vector of outward normal
forces at the wet points to a vector of forces at all points in the
coordinate systems selected by the user (sXf), 4 is the diag-
onal area matrix for the wet surface (fXf), and p is the
complex amplitude of total fluid pressures (incident + scat-
tered) applied at the wet grid points (f X 7). In this equation,

the time dependence exp(iwt) has been suppressed, where
i=(—1)"? and w is the circular frequency of excitation.
In the above dimensions, s denotes the total number of inde-
pendent structural DOF (wet and dry), f denotes the num-
ber of fluid DOF (the number of wet points), and » denotes
the number of load cases. If first-order finite elements are
used for the surface discretization of the structure, surface
areas, normals, and the transformation matrix G can be cb-
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tained from the calculation of the load vector resulting from
an outwardly directed static unit pressure load on the struc-
ture’s wet surface.

In Eq. (1), the structural impedance matrix Z, the ma-
trix that converts velocity to force, is given by

Z=(—w*M+ ioB + K)/iw, (2)

where M, B, and X are the structural mass, viscous damping,
and stiffncss matrices, respectively. For structures with a
nonzero loss factor, K is complex.

B. The exterior fiuid

The total fluid pressure p satisfies the Helmholtz differ-
ential equation

Vp+ k% =0, 3

where k = w/cis the acoustic wavenumber and c is the speed
of sound in the fluid. Equivalently, for smooth surfaces, p is
the solution of the Helmholtz integral equation’**

fp(x)—dap(’) S — f g(x)D(r)dS
s on s

p(x')/2—p;, x' onS,
=4 pX') —p;, x'in E, 4)
— Dz» x"in 17,

where S, E, and I denote surface, exterior, and interior fluid
points, respectively; p, is the incident free-field pressure, 7 is
the distance from x tox’ (i.e., from P, to P, in Fig. 1), Dis
the Green’s function

D(r) = e~ */aqr, (&)
dp

7= dn

p is the mass density of the fluid, and v, is the outward nor-
mal component of velocity on S. As shown in Fig. 1, x in Eq.
(4) is the position vector for a typical point P; on the surface
S, x' is the position vector for the point P, that may be either
on the surface or in the exterior field E, the vector
r =X — X, and n is the unit outward normal at P,. We de-
note the lengths of the vectors x, x', and r by x, x', and 7,
respectively. The normal derivative of the Green’s function
D appearing in Eq. (4) can be evaluated as

— iwpv,, (6)

FLUID

SHELL
VACUUM

FIG. 1. Notation for the Helmholtz integral equation.
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— ikr
9Dr) _ i-—-(ik + —l-)cos B, (7
dn 4mr r
where s defined as the angle between the normal n and the
vector r, as shown in Fig. 1.
The substitution of Egs. (5)~(7) into the surface equa-
tion (4) yields

- ikr

px) J‘ e
2 Kk

(ik -+ -—1—>cns B dS
7

— ikr
:ia)pf vn(x)e dsS + p;, (8)
N 4ar
where x' is on S. This integral equation relates the total pres-
sure p and normal velocity v, on S. If Eq. (8) is discretized
for numerical computation, we obtain the matrix equation

Ep=Cv, +p; )]

on S. With first-order approximations to the integrals, E is
evaluated as

E;= — (e~ ™ /4mr) (ik + 1/r)(cos B;)4;, r#0, (10)

where A, is the area assigned to the point x; and
r=ry; = |X; — X;|. Similarly,

C; = (iwp e~ */4mr)A;, r#0. (1

Surface areas are obtained from the finite element calcula-
tion of the load vector resulting from an outwardly directed
static unit pressure load on the structure’s wet surface. [The
symbol i ” denotes the imaginary quantity ( — 1)'/? except
when it is used in this section as a subscript. |

As was discussed by Wilton,” the use of first-order inte-
gration in Eqgs. (10) and (11) yields the same order of accu-
racy as would be obtained if liucar interpolation functions
were used for the variation of pressure and velocity over the
elements. This property is analogous to the situation in one-
dimensional Newton—Cotes integration in which odd-point
formulas are preferred to the next higher-order even-point
formulas, since both have the same order of accuracy. More-
over, the integration scheme selected is particularly easy to
implement since it requires a knowledge of only the normal
and area assigned to each wet point rather than any informa-
tion about the elements on the wet surface. However, as a
result, the implementation is restricted to first-order finite
elements (i.e., those without midsize nodes) on the wet
surface.

These formulas for E,; and C, are applicable only for the
terms that do not involve the influence of a surface point on
itself. For the self terms, for which » = 0, the integrals in Eq.
(8) must be evaluated by a different approach. Consider first
the velocity integral in Eq. (8). If we use Chertock’s ap-
proach® and assume that v, is constant over a small circular
patch of radius b; centered at X, then, from Eq. (8),

27 b; e~ ikr
C, =iwp J' f rdrdo,
4] 0

4y

(12)

where b, is selected so that mh 2 = A,, the total area assigned
to the point. The evaluation of this integral yields

C, = lwpA,;/27b,, (13).
where

b, = (A/m)"> (14)
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The evaluation of the self term E; is similar except that
the curvature of the radiating surface must be taken into
account because the singularity in the pressure term of Eq.
(8) is one order higher than that of the velocity term.>® Here,
we assume that p is constant over a small spherical cap locat-
ed at x,; and having curvature ¢; and area 4;. Then, from Eq.

(8),

1 2 b g — ikr re;
by = — — f = (ik+ —1——>(— -'—>rdrd6,
2 o Jo 4mr r 2

(15)
where we have used the approximation
cos B= — rc,/2. (16)
The evaluation of this integral yields
E, =1/2+ (1 + ikb;)(c,A;)/(4mb,), 17

where, for general structures, we interpret ¢; as the mean
curvature at x;.

The use of b, in Egs. (13) and (17) facilitates the calcu-
lation of the self terms at points lying in planes of symmetry,
since A, is divided by 2, 4, or 8 at such points, but b, is
computed from Eq. (14) as if the full area at the point were
applicable.

The need to know the mean curvatures at each wet point
is the major impediment to full automation of this proce-
dure, since no mechanism has been (or could easily be) built
into NASTRAN that enables the user to extract the curvature
of a surface at a point. We handle this problem by placing
some minor restrictions on the analyst so that the curvatures
can be computed for the commonly occurring geometries of
spheres. cylinders, conical sections, and flat sections. For
other shapes, the curvatures must be supplied by the analyst.

In contrast to the situation for curvatures, the approach
used for surface areas and normals is fully automated, since
the user defines the wet surface by applying a static, out-
wardly directed, unit pressure load to that surface.

These discretizations of the Helmholtz surface integral
equation yield fluid matrices £ and C that arc fully populat-
ed, complex, nonsymmetric, frequency-dependent matrices
of dimension f Xf. In addition, the matrices £ and C are
singular at the discrete frequencies of the resonances of the
corresponding interior acoustic cavity with Dirichlet (zero
pressure) boundary conditions.”® The singularities at such
frequencies (referred to as the “characteristic,” “critical,”
or “forbidden” frequencies of the problem) can be avoided
by using, for example, the Schenck?® or Burton and Miller*
approaches. Schenck makes use of the third (interior)
Helmholtz integral equation (o0 generale a few additional
equations that can be imposed as constraints on the system.
In our implementation, we use this approach except that,
rather than impose the constraints using an overdetermined
system as Schenck did, we follow Rizzo’s suggestion and
impose the constraints using Lagrange multipliers.”"** The
resulting system therefore remains square, and standard
equation solvers can be used. Without some type of avoid-
ance of the characteristic frequency problem, only low-fre-
quency acoustic radiation and scattering could be handled,
since the fundamental interior resonance occurs between
ka = 2.4 and ka = 7 for prolate spheroidal shapes.™
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C. The coupled system

The vector of normal velocities v, in Eq. (9) is related to
the vector of total structural velocities v by the same rectan-
gular transformation matrix G:

v, =G, (18)

where the superscript 7' denotes the matrix transpose. If ve-
locities v and v, are eliminated from Eqgs. (1), (9),and (18),
the resulting equation for the coupled fluid—structure system
is

Hp=Q+p,, (19)
where

H=E+ CG"Z~'G4 (20)
and

Q=CG'Z"'F. (21)

The formulation of the coupled problem in this way appears
to have been first derived by Henderson.® Since H and Q
depend on geometry, material properties, and frequency,
Eq. (19) can be solved to yield the total surface pressures p.
Since the two right-hand-side terms in Eq. (19) correspond
to mechanical and incident loadings, respectively, only one
of the two terms would ordinarily be present for a given case.
Since H exhibits the same characteristic frequencies as E and
C,'! avoidance procedures must be used for the coupled flu-
id-structure formulation.

The vector v of velocities at all structural DOF may then
be recovered by solving Eq. (1) for v:

v=Z"'F— Z " 'GAp. (22)

Surface normal velocities v, may be recovered by substitut-
ing this solution for v into Eq. (18).

D. The field solution

- With the solution for the total pressures and velocities
on the surface, the exterior Helmholtz integral equation, Eq.
(4), can be integrated to obtain the radiated (or scattered)
pressure at any desired location x’ in the exterior field. We
first substitute Egs. (5)—(7) into the second part of Eq. (4)
to obtain a form suitable for numerical integration:

p(x") =f[l'wpvn (x) + (z‘k + —L)p(x)cosfa’]
S r

e ikr

ds,
47rr

(23)

where all symbols have the definitions used previously, and
x'is in the exterior field. Thus, with the total pressure p and
normal velocity v, on the surface S, the radiated or scattered
pressure at x’ can be determined by numerical quadrature
using Eq. (23).

In applications, however, the field pressures generally of
interest are in the farfield, so we develop an asymptotic form
of Eq. (23) for use instead of Eq. (23). In the farfield, x' — o
implies

ik + 1/r—ik
and

(24)
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cos f-n-x'/x, (25)
and, from the application of the law of cosines,
r—x' —xcosa, (26)

where a is the angle between the vectors x and x’ (Fig. 1).
Hence, in the farfield,’

, ikewikx’
p(x") = ———) | [pen,(x) 4+ p(x) cos B ]
4mrx S

X eik)c cos a dS, (27)

where the asymptotic form, Eq. (25), is used for cos S3.
With the surface and farfield solutions, a variety of other
quantities of interest can be computed, including average
and root-mean-square surface velocities and pressures, sur-
face acoustic intensity, radiated power, and radiation effi-
ciency.** For example, the acoustic intensity at a point on the
surface is the product of the pressure there and the compo-
nent of normal velocity that is in phase with the pressure:

I =Re(pvy), (28)

where the asterisk denotes the complex conjugate. (There is
no factor 1/2 in this equation if we as~me that pressures and
velocities are already “effective” vaiues rather than ampli-
tudes. With this assumption, consistency is maintained, and
there 1s no mixing of effective and peak quantities.) The total
power radiated is the surface integral of acoustic intensity.
Since, for low frequencies, the pressure p and the normal
velocity v, have nearly orthogonal phase (i.e., the fluid be-
haves like an added mass), the intensity calculation (and
hence the power integral) can be sensitive to small errorsin p
and v, on the surface. To circumvent this numerical prob-
lem, the radiated power can alternatively be computed by
integrating the acoustic intensity over the farfield sphere,
where pressure and velocity are in phase (since p = pcv,, ).
The calculation of farfield pressure is not sensitive to small
errors in the surface solution, since it is calculated using the
asymptotic form of the exterior Helmholtz integral equa-
tion, Eq. (27), which has the effect of smoothing out small
errors in the surface solution.

E. Summary of the theoretical approach

The solution procedure uses the fiuite elewsent program
(NASTRAN) to generate the matrices K, M, B, and F and to
generate sufficient geometry information so that the matri-
ces E. C, G, A, and p, can be computed by a separate pro-
gram. Then, given all matrices on the right-hand sides of
Egs. (20) and (21), standard matrix operations are used to
compute A and Q. Equation (19) is then solved for the total
pressures p using Schroeder’s block solver 0csoLVE.?” Next,
the surface normal velocities v, and the vector v of velocities
at all structural DOF are recovered to complete the surface
aud structural solutions. This calculation of H, @, p, v,,, and
v is repeated for each excitation frequency and the results
merged. Then, with the total pressures and velocities on the
surface, the asymptotic (farfield) form of the Helmholtz ex-

terior integral equation is integrated to compute the farfield
radiated pressures.
G. C. Everstine and F. M. Henderson: Fluid-structure interaction 1941



1. NUMERICAL EXAMPLES

In this section, three problems with known analytic (in-
cluding series) solutions are solved to demonstrate the valid-
ity of the entire solution procedure.

A. Radiation from a uniformly driven spherical sheli

Consider first the problem of the uniformly driven, sub-
merged, spherical shell, a problem with a closed-form solu-
tion. In this problem, a thin-walled spherical shell is sub-
merged in a liquid and driven internally with a spherically
symmetric, time-harmonic pressure load. Since the solution
is also spherically symmetric, the field solution depends only
on radial distance from the origin.

We first derive the closed-form solution. The shell stiff-
ncss (the total static force required to increase the radius a
unit amount) is

k, =87Eh/(1 —v), (29)

where E and v are the Young’s modulus and Poisson’s ratio
for the shell material, and 4 is the thickness of the shell. The

shell mass is
m, = 4ma‘hp,, (30)

where a is the mean shell radius and p; is the density of the
shell material. Hence, for a uniform time-harmonic pressure
drive, the structural impedance for an undamped spherical
shell is

Z, = (o’m, — k,)i/o,

where w is the circular frequency of the excitation.
For the surrounding fluid, the ratio of surface pressure
to surface velocity is*’

p/v =iwpa/(1 + ika),

(31)

(32)

where p is the density of the fluid and k = w/c. Hence, the
fluid impedance (ratio of total force to velocity) is

Z, = iwp4mwa’/ (1 + ika). (33)

For the harmonically driven submerged shell, the sur-
face velocity is theretore

v=dua’py/(Z, + Z;), (34)

where p, is the amplitude of the internal pressure drive. Giv-
en the surface velocity v, the surface pressure can be recov-
ered from Eq. (32). The fluid pressure in the exterior field
decays with distance®; hence,

p,=pla/rye "=, (35)

where p, is the pressure at distance r from the origin and p is
the pressure on the surface. Note that if the expression for
surface velocity v obtained from Eq. (32) is substituted into
the farfield radiated pressure formula, Eq. (27), Eq. (35) is
obtained. [ This property is necessary for the validation of
the asymptotic formula, Eq. (27).]

We numerically solved the problem with the following
characteristics:

a=35m shell radius
h=0.15m shell thickness
E=207x10""Pa Young’s modulus
v=0.3 Poisson’s ratio
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FIG. 2. Finite element model of one octant of spherical shell.

ps = 7669 kg/m? shell density

n=0 shell loss factor

p = 1000 kg/m? fluid density

¢ = 1524 m/s fluid speed of sound
po=1Pa internal pressure

One octant of the shell was modeled with first-order triangu-
lar membrane/bending finite elements, as shown in Fig. 2.
With 20 elements along each edge of the domain, the model
has 231 wet points and 1263 structural DOF. Three planes of
symmetry were imposed.

The numerical model was run for 15 drive frequencies in
the nondimensional frequency range ka = 0.5-ka = 5.0,
where a is the shell radius. Several of the drive frequencies
are near critical frequencies, the first 13 of which are located
at ka = 7, 4.49, 5.76, 2, 6.99, 7.73, 8.18, 9.10, 9.36, 37,
10.4, 10.5, and 10.9 (see Ref. 37). Table I compares the
numerical calculations and the closed-form solution for sur-
face pressures, surface velocities, and farfield radiated pres-
sures. Since the fundamental critical frequency occurs at
ka = m, the constraints due to additional interior points
(sometimes referred to as Chief points) were applied for all
ka > 2.7. Four Chief points were used for these calculations.
The calculations agree very closcly with the closed-form so-
lution for all ka’s.

B. Radiation from a sector-driven spherical shell

A more challenging problem, both analytically and nu-
merically, is the spherical shell with a uniform pressure drive
over a sector, as shown in Fig. 3. (Here, we use the term
““analytic” to refer to a series solution that converges to the
exact solution.) The particular problem solved has the inter-
nal pressure load applied over the polar angle ¥ = 36 deg.

This problem was solved with the same finite element
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TABLE I. Comparison of numerical solution with closed-form solution for uniformly driven spherical shell.

Surface pressure (Pa)

Surface velocity (m/s)

Pressure at 100 m (Pa)

ka computed exact % error computed exact % error computed exact Yo error
(x10™h (x107") (x1077) (x1077) (x107%) (X107%)
0.5 0.302 0.303 0.3 0.445 0.444 0.2 0.151 0.151 0.0
1.0 1.02 1.02 0.0 0.948 0.947 0.1 0.508 0.510 0.4
1.5 1.91 1.92 0.5 1.51 1.51 0.0 0.944 0.958 1.5
2.0 2.92 2.02 0.0 2.14 2.14 0.0 1.48 1.46 1.4
2.5 4.04 4.03 0.2 2.84 2.85 0.4 2.04 2.02 1.0
2.8 4.80 4.76 0.8 3.28 3.32 1.2 2.42 2.38 1.7
3.0 5.28 5.28 0.0 3.66 3.65 0.3 2.63 2.64 0.4
3.1 5.55 5.54 0.2 3.83 3.82 0.3 2.76 2.77 0.4
3.14 5.66 5.65 0.2 3.90 3.89 0.3 2.81 2.82 0.4
32 5.82 5.81 0.2 4.00 4.00 0.0 2.89 291 0.7
3.3 6.10 6.09 0.2 4.18 4.17 0.2 3.05 3.04 0.3
35 6.66 6.64 0.3 4.54 4.53 0.2 3.31 3.32 0.3
4.0 8.06 8.04 0.2 5.46 5.44 0.4 4.01 4.02 0.2
4.5 9.29 9.26 0.3 6.24 6.23 0.2 4.62 4.63 0.2
5.0 10.0 10.0 0.0 6.72 6.70 0.3 5.04 5.01 . 0.6

model used in the previous example (Fig. 2). Thus, with two
load cases, both problems can be solved together. However,
with a one-octant model of the sphere, the numerical solu-
tion of this problem requires running both symmetric and
antisymmetric parts of the problem, providing a good check
on the ability to handle multiple symmetry cases.

The benchmark solution to which the numerical results
are compared is a series solution that we developed®® based
on equations given by Junger and Feit.>® The results of this
comparison are shown in Table IT for four different nondi-
mensional drive frequencies ka, where a is the radius of the
sphere. For each drive frequency ka, the normalized farfield
pressure |pr/pya| is listed for each colatitude angle 6, where p
is the farfield pressure at distance 7 from the origin, and p, is
the internally applied pressure. The farfield pressure pattern
for one of these frequencies (ka = 5) is also shown in Fig. 4.
The numerical solution agrees very well with the exact solu-
tion, even at ka = 2, which coincides with a resonance of the
submerged shell.

EXCITATION
PRESSURE

iwt
p,€

ELASTIC SPHERICAL SHELL

FIG. 3. Submerged elastic spherical shell driven over a sector.
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C. Scattering from a spherical shell

Here, we demonstrate the ability to solve scattering
problems by solving the problem of the submerged thin

TABLE I1. Comparison of computed solution with converged series solu-
tion for sector-driven spherical shell.

Colatitude Normalized farfield pressure, |pr/p,a|

ka & (deg) computed exact % error
0 0.0514 0.0514 0.0
30 0.0445 0.0445 0.0
60 0.0257 0.0258 0.4
0.5 90 0.0035 0.0035 0.0
120 0.0258 0.0259 0.4
150 0.0446 0.0446 0.0
180 0.0515 0.0515 0.0
0 0.0887 0.0889 0.2
30 0.0744 0.0745 0.1
60 0.0434 0.0434 0.0
1.0 90 0.0235 0.0237 0.8
120 0.0448 0.0448 0.0
150 0.0784 0.0786 0.3
180 0.0939 0.0942 03
0 1.183 1.163 1.7
30 0.278 0.276 0.7
60 0.667 0.666 0.2
2.0 90 0.131 0.128 2.3
120 0.721 0.716 0.7
150 0.757 0.695 8.9
180 1.977 1.860 6.3
0 0.507 0.512 1.0
30 0.291 0.292 0.3
60 0.020 0.017 17.6
5.0 90 0.096 0.097 1.0
120 0.158 0.160 1.3
150 0.164 0.163 0.6
180 0.171 0.170 0.6
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FIG. 4. Farfield radiated pressure |pr/pya| at ka = 5 for a sector-driven spherical shell (solid line is exact; dashed line is computed).

spherical shell subjected to an incident time-harmonic
planar wavetrain, as shown in Fig. 5. The solution of this
problem exhibits rotational symmetry about the spherical
axis parallel to the diretion of wave propagation. I'he bench-
mark solution to which the numerical results will be com-
pared is the series solution published by Junger and Feit.*
The shell used is the same as in the two previous exam-
ples. Since the incident loading does not exhibit three planes
of symmetry, the numerical solution of this problem requires
decomposing the solution and the load into their symmetric
and antisymmetric parts, thus providing a check on han-
dling multiple symmetry cases for scattering problems.
The numerical model was run for several excitation fre-
quencies in the nondimensional frequency range ka <20,

WATER

0.15m
VACUUM

e e

PLANAR
WAVETRAIN

FIG. 5. Plane-wave scattering from an elastic spherical shell.
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where a is the shell radius. Figure 6 shows a low-frequency
comparison between the finite element calculation and the
series solution for the farfield scattered pressure in the for-
ward direction (€ = 180 deg). The ordinate of ihis figure is
the normalized pressure |pr/pya|, where p is the farfield scat-
tered pressure at distance » from the origin and p, is the
magnitude of the incident pressure. Again, the computed
solution agrees very well with the exact (i.e., converged se-
ries) solution.

|pr/poal

ka
FIG. 6. Normalized farfield pressure |pr/p,a| scattered in the forward di-

rection (6 = 180 deg) by a spherical shell; solid curve is the converged se-
ries solution and square boxes are the numerical solution.
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TABLE III. Comparison of computed solution with converged series solu-
tion for scattering from spherical shell; 8 = 0 corresponds to the back-
scattered direction.

Angle Normalized farfield pressure, |pr/pya|
ka (deg) computed exact % error
0 0.0083 0.0081 2.5
30 0.0144 0.0143 0.7
60 0.0299 0.0299 0.0
0.5 90 0.0481 0.0481 0.0
120 0.0626 0.0626 0.0
150 0.0708 0.0708 0.0
180 0.0734 0.0733 0.1
0 0.0892 0.0903 1.2
30 0.0382 0.0389 1.8
60 0.0886 0.08386 0.0
1.0 90 0.1926 0.1930 0.2
120 0.2208 0.2210 0.1
150 0.1893 0.1887 0.3
180 0.1662 0.1652 0.6
0 3.146 3.149 0.1
30 1.993 1.995 0.1
60 0.325 0.320 1.6
1.6 90 1.515 1.498 1.1
120 0.561 0.540 3.9
150 2.058 2.092 1.6
180 3213 3.245 10
0 0.155 0.160 3.1
30 0.100 0.101 1.0
60 0.067 0.069 2.9
4.0 90 0.268 0.269 0.4
120 0.555 0.554 0.2
150 1.757 1.757 0.0
180 3.208 3.205 0.1

For several of the excitation frequencies, we also tabu-
late in Table III the farfield scattered pressure patterns.
Again, agreement between the calculations and the series
solution is excellent, even at ka = 1.6, which is near a reso-
nant peak. At the sharper resonant peaks, the results would
be much more sensitive to small changes in frequency.

This scattering problem was run again for ka’s up to 20
to demonstrate the ability to compute in a frequency regime
that includes numerous characteristic frequencies. Figure 7
shows comparisons of the numerical solution with the
Junger—Feit series solution for both forward and backward
scattering. The numerical calculation has converged even
for the backscattered response, whose levels at many fre-
quencies are significantly lower than in the forward direc-
tion. The numerical solution (which is almost indistinguish-
able from the series solution) was computed using the
axisymmetric version of the program with 90 low-order,
conical shell finite elements between the two spherical poles.
Sixteen Chief points were placed along the spherical axis,
and a frequency increment of ke = 0.1 was used. A struc-
tural loss factor of 0.01 was also used for this calculation.

lll. COMPUTATIONAL ASPECTS
The numerical procedure outlined above is computa-
tionally intensive and could require many hours of super-
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FIG. 7. Normalized farfield pressure 20 log|pr/pya| scattered in the for-
ward and backward directions by a spherical shell; solid curves are for the
converged series solution and dotted curves are for the numerical solution.

computer time for large problems. The principal problem-
dependent parameters on which the computer time and
memory depend are the number of independent structural
DOF [denoted as “s” in the discussion following Eq. (1)],
the number f'of fluid DOF (the number of wet points on the
fluid-structure interface), and the average wave front Wee
of the structural stiffness matrix. A related parameter is the
root-mean-squarc matrix wavc front }#/, ., which is slightly
larger than W,,, but will be used interchangeably with Weve
to simplify this discussion.

Three steps in the procedure have the potential to re-
quire large amounts of computer time: (1) the triangular
factorization of H in Eq. (19), which requires /*/3 complex
operations (since H is fully populated, complex, and non-
symmetric); (2) the triangular factorization of Z (which is
performed only once) in Eqs. (20)-(22), which requires
sW?../2 complex operations, and (3) the forward/back-
ward substitution (FBS) required in Eq. (20), in which the
matrix Z ~'GA is computed given the triangular factors of Z
and the matrix product GA. This FBS requires 2sfW,,, com-
plex operations. [Although the cost of FBS operations is
usually insignificant in equation solving, this FBS step is
significant because of the large number (f) of columns of
GA.]

We note that the operation counts cited above are useful
only as a general indication of the relative computer time
required since, on a supercomputer, all these steps would be
vectorized to the extent possible.

Although asymptotically (i.e., for very large problems)
the factorization of A might be the most time-consuming
operation, in practice the presence of internal structurc in-
creases the order s and wave front W,,, of the structural
matrices, so that the FBS operation cited often requires the
most time. To illustrate this point, we list in Table IV the
statistics for several problems (not those presented in the
preceding section).
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TABLE IV. Number of complex operations for four problems.

No. of No. of Average Decomp. Decomp. FBS
structural fluid wave front of H of Z Z7'GA
Prob. DOF (s) DOF () (W,,) /3 (=sW?2,/2) QW)
1 2973 496 129 4.1x107 2.5%x107 3.8x10*
2 12980 971 317 3.1x10% 6.5% 10 ROx 10°
3 16 158 971 411 3.1x10* 1.4x10° 1.3x10'¢
4 10 354 1786 138 1.9x10° 9.9x 107 5.1x10°
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adapted for acoustic analysis within a few hours.
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other dynamic and stability analyses. Thus the same finite
element model can be used for modal analysis, frequency
response analysis, linear shock analysis, and underwater
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processors developed for use with the finite element package
become available for acoustics as well.
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