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Preface

These lecture notes are intended to supplement a one-semester graduate-level engineering
course at The George Washington University in the theory of elasticity. Although the em-
phasis is on the Cartesian tensor approach, the direct (vector-operator) approach is also
used where appropriate. The main prerequisites are elementary mechanics of materials, a
standard calculus sequence, and some exposure to linear algebra and matrices. In general,
the mix of topics and level of presentation are aimed at graduate students in civil, aerospace,
and mechanical engineering.

Gordon Everstine

Gaithersburg, Maryland
May 2014
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1 Mathematical Preliminaries

1.1 Vectors

We denote vector quantities in print using boldface letters (e.g., A) and, when hand-written,
with an underline (e.g., A). The basis vectors in Cartesian coordinates are denoted e1, e, and
es in the x1, x5, and x3 directions, respectively. We prefer the use of numerical subscripts for
the vector components and basis vectors, since the equations of elasticity can be developed
in a very compact form using index notation and Cartesian tensors. Thus, in Cartesian
coordinates, the vector x can be written

X = x1€1 + T2€e2 + T3e3, (11)

where x1, x9, and x3 are the Cartesian components of x.
Note that the basis vectors are unit vectors (vectors with unit length), so that

ler| = ezl =les| =1 or |e] =1, i=1,2,3. (1.2)
The basis vectors are also mutually perpendicular:
el-egzeg-egzeg-ele. (13)

In general,
€€ = 52']" (14)

where d;; is the Kronecker delta defined as
1, 1=y
0ii = o 1.5
{02t (15)

Thus, the three basis vectors form an orthonormal basis (a basis whose basis vectors are
mutually orthogonal unit vectors).

We can also write x using the summation convention, where twice-repeated indices are
summed over the range (1, 2, 3 in three dimensions), and simply write

Here the summation over the range 1,2, 3 is implied, since the dummy index ¢ appears twice.

With the summation convention,

61“ _ { (511 + 522 =21in 2-D (17)

911 + d92 + d33 = 3 in 3-D.

Since the Kronecker delta is the index notation form of the identity matrix I, d;; is the trace
of I (the sum of the diagonal entries).
Since the unit basis vectors form a right-handed orthogonal triad,

€] X ey =¢€3, € Xez3=e, €3 Xe =e, (18)
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Figure 1: Two Vectors.

€ X e = —e3, €3 X ey = —e;, e Xe3 = —es. (19)

These relations can be summarized using the single equation
e, X € = ¢€;j,€y, (1.10)

where the dummy index k is summed, and e;;;, is the alternating symbol (or permutation
symbol) defined as

+1, if the subscripts form an even permutation of 123,
eijt = § —1, if the subscripts form an odd permutation of 123, (1.11)
0, otherwise (e.g., if two subscripts are equal).

For example,
€123 = €231 = €312 = 1,
€213 = €321 = €133 = —1, (1~12)
€113 = €133 = €321 = 0.

Consider two vectors a and b (Fig. [1)) given by
a = a;€;, b= bzez (113)

Since the index ¢ is a dummy index of summation, any symbol could be used. Thus, we
could also write

The scalar (or dot) product of a and b is

a-b= (aiei) . (bjej) = aibj(el- . ej) = aibjéij = aib@-, (115)
or, in expanded form,
a~b:a1b1 +a2b2+a3b3. (116)
We define a third vector c as
c=a—b, (1.17)
as shown in Fig. [I] in which case
(a —bcosB)? + (bsinf)? = 2, (1.18)



where a, b, and c¢ are the lengths of a, b, and ¢, respectively. The length (or magnitude) of
the vector a is

a=|a| =+va-a= /aa; =\/a} + a3+ d}. (1.19)
Eq. can be expanded to yield
a® — 2abcos O + b* cos® 0 + b? sin® § = ¢ (1.20)

or
¢ =a*+b® — 2abcos ), (1.21)

which is the law of cosines. We can further expand the law of cosines in terms of components
to obtain

(ay — b))+ (ay — b2)? + (az — b3)* = a} + a5 + a3 + b3 + b3 + b3 — 2abcos (1.22)

or
a1by + asby + aszbs = abcos . (1.23)

Thus, the dot product of two vectors can alternatively be expressed as
a-b = |a||b|cosf = abcos¥, (1.24)

where 6 is the angle between the two vectors.
The vector (or cross) product of two vectors a and b is

axb= a;e; X bjej = aibjei X e; = a,-bjeijkek, (125)

where the last result follows from Eq. [L.10} This result is expanded by summing on i, j, k to
obtain

e ey e3
axb= (a263 — agbg)el + (a361 - a1b3)82 + (CleQ - a2b1>93 = | a ay as |. (126)
by by b3
It is also shown in elementary vector analysis that
a x b = |a||b|(sinf)e,, (1.27)

where e,, is the unit vector which is perpendicular to the plane formed by a and b and lies
in the direction indicated by the right-hand rule if a is rotated into b.

For three vectors a, b, and ¢, consider the triple scalar product a- (b x ¢), where c¢ is not
the same vector defined in Eq.[1.17] This product represents the volume of the parallelepiped
having a, b, and c as edges (Fig. [2)), since

|b x c| = |bl|c|siné (1.28)

is the area of the parallelogram with sides b and ¢, and |a| cos « is the height of the paral-
lelepiped. Thus,

la- (b x c)| = |a||b||c| sinf cos a = height x area = volume. (1.29)

3



Figure 2: Parallelepiped and Triple Scalar Product.
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Figure 3: Projection Onto Line.
From Eq. [1.26, we obtain
a; ag as
a- (b X C) = bl bg bg . (130)
C1 C2 C3
The volume property of the triple scalar product implies that
a-(bxc)=b-(cxa)=c-(axb). (1.31)

Thus, in the triple scalar product, the dot and the cross can be interchanged without affecting
the result.

Consider two vectors a = (ay, as,az) and b = (by, by, b3), as shown in Fig. . Let p be
the vector obtained by projecting b onto a. The scalar projection of b onto a is |b|cos#,
where 6 is the angle between b and a. Thus, the vector projection of b onto a is

p= (|b|cos€)%, (1.32)

where the fraction in this expression is the unit vector in the direction of a. Since
a-b = |a||b|cos¥, (1.33)

Eq. becomes
a) a
p=|b- —) —. (1.34)
( |a| / |a
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Figure 4: Change of Basis.

1.2 Change of Basis

On many occasions in engineering applications, including elasticity, the need arises to trans-
form vectors and matrices from one coordinate system to another. Consider the vector v
given by

V = v1€;1 + 19€5 + vU3e3 = v;€;, (1.35)

where e; are the basis vectors, v; are the components of v, and the summation convention
was used.
Since bases are not unique, we can express v in two different orthonormal bases:

3 3
vV = Zviei = Z@Zé“ (136)
i=1 i=1

where v; are the components of v in the unbarred coordinate system, and v; are the com-
ponents in the barred system (Fig. []). If we take the dot product of both sides of Eq.

with e;, we obtain
iviei~ej :iﬁiéi~ej, (1.37)
i=1 i=1
where e; - €; = 0;;, and we define the 3 x 3 matrix R as
R =g, -ej. (1.38)
Thus, from Eq. [1.37] ) )
v =Y Ryt =) R (1.39)
i=1 i=1

Since the matrix product
C=AB (1.40)

can be written using subscript notation as
3
Cij =Y AuBy;, (1.41)
k=1

Eq. is equivalent to the matrix product
v =R"v. (1.42)



Similarly, if we take the dot product of Eq. with €;, we obtain

3 3
i=1 =1

where éz : é] = (57;]', and e; - éj = Rjz ThUS,

3
v = ZRﬁvi oo v=Rv or v=R'V. (1.44)

=1

A comparison of Egs. and yields

3
R'=R" or RR"=1 or Y RyRj =3dy (1.45)
k=1

where I is the identity matrix (I;; = d;;):
1 00
I=010]. (1.46)
0 0 1

This type of transformation is called an orthogonal coordinate transformation (OCT). A
matrix R satisfying Eq. is said to be an orthogonal matrix. That is, an orthogonal
matrix is one whose inverse is equal to the transpose. R is sometimes called a rotation
matriz.

For example, for the coordinate rotation shown in Fig. [ in 3-D,

cos@ sinf 0

R=| —sinf cosf 0 |. (1.47)
0 0 1
In 2-D,
cosf sind
R = 1.4
[—sin@ COS9:| (1.48)
and

{ Uy = Uy cos ) — v, sin 6

1.49
vy = Uy sin @ + vy, cos 0. ( )

We recall that the determinant of a matrix product is equal to the product of the deter-
minants. Also, the determinant of the transpose of a matrix is equal to the determinant of
the matrix itself. Thus, from Eq. [1.45}

det(RR”) = (det R)(det R”) = (det R)* = detI =1, (1.50)
and we conclude that, for an orthogonal matrix R,

detR = +1. (1.51)



The plus sign occurs for rotations, and the minus sign occurs for combinations of rotations
and reflections that result in a net reflection. For example, the orthogonal matrix

10 0
R=|01 0 (1.52)
00 —1

indicates a reflection in the z direction (i.e., the sign of the z component is changed).
Another property of orthogonal matrices that can be deduced directly from the definition,
Eq. [1.45] is that the rows and columns of an orthogonal matrix must be unit vectors and
mutually orthogonal. That is, the rows and columns form an orthonormal set.
We note that the length of a vector is unchanged under an orthogonal coordinate trans-
formation, since the square of the length is given by

1_11'1_)1' == RijUjRikUk = 05kV;V = V;Uy, (153)

where the summation convention was used. That is, the square of the length of a vector is
the same in both coordinate systems.

To summarize, under an orthogonal coordinate transformation, vectors transform accord-
ing to the rule

3
v=Rv or o= ZRijvj, (1.54)
j=1
where
Ri; = e; - ej, (1.55)
and
RR” =R'R =1 (1.56)

A vector which transforms under an orthogonal coordinate transformation according to
the rule v = Rv is defined as a tensor of rank 1. Examples include displacement vectors,
velocity vectors, and force vectors. A tensor of rank 0 is a scalar (a quantity which is
unchanged by an orthogonal coordinate transformation). For example, temperature and
pressure are scalars, since T =T and p = p.

We now introduce tensors of rank 2. Consider a matrix M = (M;;) which relates two
vectors u and v by

3
v=Mu or v;= Z M;ju; (1.57)
7=1

(i.e., the result of multiplying a matrix and a vector is a vector). Also, in a rotated coordinate
system, -
v = Mu. (1.58)

Since both u and v are vectors (tensors of rank 1), Eq. implies

R’v =MR’a or v=RMR"u. (1.59)



By comparing Egs. and [1.59] we conclude that
M = RMR” (1.60)

or, in index notation,
3

3
M;; = Z Z R Ry My, (1.61)
k=1 1=1
which is the transformation rule for a tensor of rank 2. In general, a tensor of rank n, which
has n indices, transforms under an orthogonal coordinate transformation according to the

rule
3 3

Azgk = Z Z s Z Rz‘pqu cee Rk'rqumr- (162)

p=1 g=1 r=1

Notice that the subscripts of A appear as the first subscripts of each R matrix, and the
subscripts of A appear as the second subscripts of each R matrix.
The trace of a matrix is defined as the sum of the diagonal terms. In index notation,

trM = M“ = RikRﬂMkl = 5k1Mkl = Mkk =tr M7 (163)

which is a scalar. Thus, the trace of a matrix (a tensor of rank 2) is invariant under an
orthogonal coordinate transformation. The trace is one of three invariants associated with
3 X 3 matrices.

An isotropic tensor is a tensor which is independent of coordinate system (i.e., invariant
under an orthogonal coordinate transformation). For example, the Kronecker delta ¢;; is an
isotropic tensor, since Sij = ¢;;, and

0ij = RixRji0p = RixRji = 6. (1.64)
Hence, §;; is a second rank tensor and isotropic. In matrix notation,

I=RIR" =RR" =1 (1.65)

1.3 Symmetry and Skew-Symmetry

A matrix S is defined as symmetric if S = S7, i.e., S;; = Sj;. A matrix A is defined as skew-
symmetric (or antisymmetric) if A = —AT ie., A;; = —Aj;. Note that a skew-symmetric
matrix necessarily has the form

0 Az Az
A = —A12 O A23 . (166)
_A13 _A23 0

Any matrix M can be written as the unique sum of symmetric and skew-symmetric
matrices

M=S+A, (1.67)



where

S=M+M")/2=58", (1.68)
A=M-M")/2=—-A"T (1.69)

For example, for a 3 x 3 matrix M,

35 7 338 0 2 -1
M=|1238|=[327|+]|-2 0 1]|=S+A (1.70)
9 6 4 8 7 4 1 -1 0

Note that, if A is skew-symmetric, x- Ax = 0 for all x. To prove this assertion, we write
x-Ax =x'Ax = (XTAX)T =x'ATx = —x"Ax, (1.71)

where x? Ax is a scalar equal to its own transpose. Since this quantity is also equal to its own
negative, it must vanish, and the assertion is proved. Thus, for a general matrix M = S+ A,

x-Mx =x - Sx, (1.72)

where S is the symmetric part of M. The matrix product x - Mx = x;M;;x; is referred to
as a quadratic form. In expanded form, the quadratic form is

X -Mx = MUIE% + MQQ!E% + Mggf]??;’
+ (Mg + May)zy29 + (Mag + Mso)xows + (Mg + Msy)xi 3. (1.73)
Note that the quadratic form can be written in three different notations:

vector (dyadic) notation x - Mx
matrix notation xTMx
index notation x;M;i;x; or Mijx;x;

A matrix M is defined as positive definite if x - Mx > 0 for all x # 0. M is positive
semi-definite if x - Mx > 0 for all x # 0.

1.4 Derivatives and Divergence

Consider the scalar function ¢(xy, 22, x3). According to the chain rule,

06 9¢ Oz,
= _ 1.74
85@ 6xj 8"@" ( )
where x; = Ry;Z. Hence,
Thus, from Eq. [1.74]
9% _ p 90 (1.76)
8fi J al‘j7



Vo
0 €s
Figure 5: The Directional Derivative.

from which we conclude that the partial derivative 0¢/0x; is a tensor of rank 1.
The vector operator del is defined in Cartesian coordinates as

0 0 0 0
—e— t eyt ey = ey 1.
V=e 0y T e 0s tes 03 ©i ox; (1.77)

The gradient of a scalar function ¢(z1, x2, x3) is defined as V¢, so that, in Cartesian coordi-

nates,
[9J0) [9J0) 0¢ ¢
—e —. 1.
8:1:1 1 + (9:1:'262 + 833'363 el(?:z:i ( 78)

This vector has as its components the rates of change of ¢ with respect to distance in the
x1, T9, and xgz directions, respectively. Note that, in a rotated Cartesian coordinate system,

o
ng = eza—ji.

grad ¢ = V¢ =

(1.79)

The directional derivative measures the rate of change of a scalar function, say ¢(x1, s, z3),
with respect to distance in any arbitrary direction s (Fig. [5)) and is given by

9 _

9 — & Vo = les||Vo|cost = |Ve|cosb, (1.80)

where e; is the unit vector in the s direction, and 6 is the angle between the two vectors V¢
and e;. Thus, the maximum rate of change of ¢ is in the direction of V.

Given a vector function (field) f(xy, z9, z3), the divergence of f is defined as V - f, so that,
in Cartesian coordinates,

WP - PR oy s _ O
divf=V.f= (eZa—xi> : (f]e]) = aml (52] = 8:52 (181)
or, in expanded form,
_0h 0fr | Ofs
V- -f= s + By + By’ (1.82)

We denote the partial derivative with respect to the ith Cartesian coordinate direction with
the comma notation
dp

81’1‘

Using this notation, the divergence becomes (in Cartesian coordinates)

P (1.83)

V-f=fi. (1.84)

10



dz

Figure 6: Fluid Flow Through Small Cube.

The Laplacian of the scalar field ¢(xy, o, x3), denoted V2¢, is defined as

2 v .Vo— (6L (6.92)_ 9 (905 _ 4
Vip =V ng—(elaxi) (ejaxj)_axi (3$j>5”_¢’” (1.85)

or, in expanded form,

0%¢ ¢  0%¢

24
v¢—8x%+8x§+8x§'

(1.86)

1.5 The Divergence Theorem

Consider the steady (time-independent) motion of a fluid of density p(z,y, z) and velocity
v =v,(x,y, 2)e, +v,(x,y, 2)e, +v.(x,y, 2)e,, (1.87)

where, for this section, it is convenient to denote the Cartesian coordinates as (z,y, z) rather
than (1,22, x3). In the small cube of dimensions dz, dy, dz (Fig. @[10], the mass entering
the face dy dz on the left per unit time is pv, dy dz. The mass exiting per unit time on the
right is given by the two-term Taylor series expansion as

[pfuz + pv.) d:v] dy dz,
ox

so that the loss of mass per unit time in the x-direction is

0
%(pvx) dx dy dz.

If we also take into consideration the other two faces, the total loss of mass per unit time
for the small cube is

0 0 0
S 4 o) + )| dedy ds = () dedy ds = 5 - (),

where V is volume.

If we now consider a volume V' bounded by a closed surface S (Fig. , the total loss of
mass per unit time is

[ v-tmyav

11



Figure 7: A Closed Volume Bounded by a Surface S.

However, the loss of fluid in V' must be due to the flow of fluid through the boundary S.
The outward flow of mass per unit time through a differential element of surface area dS'is
pv -ndS, so that the total loss of mass per unit time through the boundary is

%pv-ndS,
S

where n is the unit outward normal at a point on S, v - n is the normal component of v,
and the circle in the integral sign indicates that the surface integral is for a closed surface.
Equating the last two expressions, we have

/Vv (pv)dV = ipv-nds, (1.88)

or, in general, for any vector field f(z,y, z) defined in a volume V bounded by a closed

surface S,
/V~de:7{f~ndS. (1.89)
% S

In index notation, this last equation is

/me- dv = jéfmi ds. (1.90)

This is the divergence theorem, one of the fundamental integral theorems of mathematical
physics. The divergence theorem is also known as the Green-Gauss theorem.
Related theorems are the gradient theorem, which states that

/VVde—]ifndS, (1.91)

for f a scalar function, and the curl theorem:

/vadvzjfnxfds. (1.92)
\% S

To aid in the interpretation of the divergence of a vector field, consider a small volume
AV surrounding a point P. From the divergence theorem,

1

) ——
(V-Hr NG E

f-nds, (1.93)
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Figure 8: Pressure on Differential Element of Surface.

which implies that the divergence of f can be interpreted as the net outward flow (flux) of f
at P per unit volume. (If f is the velocity field v, the right-hand side integrand is the normal
component v, of velocity.) Similarly, we can see the plausibility of the divergence theorem
by observing that the divergence multiplied by the volume element for each elemental cell is
the net surface integral out of that cell. When summed by integration, all internal contribu-
tions cancel, since the flow out of one cell goes into another, and only the external surface
contributions remain.

To illustrate the use of the integral theorems, consider a body of arbitrary shape to which
the pressure p(x,y, z) is applied. In general, p can be position-dependent. The force on a
differential element of surface dS (Fig. |8) is pdS. Since this force acts in the —n direction,
the resultant force F acting on the body is then

F= —fpndS = —/ VpdV, (1.94)
S 1%

where the second equation follows from the gradient theorem. This relation is quite general,
since it applies to arbitrary pressure distributions. For the special case of uniform pressure
(p = constant), F = 0; i.e., the resultant force of a uniform pressure load on an arbitrary
body is zero.

1.6 Eigenvalue Problems
If, for a square matrix A of order n, there exists a vector x # 0 and a number \ such that
Ax = \x, (1.95)

A is called an eigenvalue of A, and x is the corresponding eigenvector. Note that Eq.
can alternatively be written in the form

Ax = \x, (1.96)

where I is the identity matrix, or
(A - X)x =0, (1.97)

which is a system of n linear algebraic equations. If the coefficient matrix A — AI were
nonsingular, the unique solution of Eq. would be x = 0, which is not of interest. Thus,
to obtain a nonzero solution of the eigenvalue problem, A — AI must be singular, which

13



implies that

aj; — A Q12 13 ce Q1n
a1 agy — A @23 ce Q2p
det(A = M) =| az asy  azz— A e A3p, = 0. (1.98)
an1 an2 an3 e Anp — )\

This equation is referred to as the characteristic equation or characteristic polynomial for
the eigenvalue problem. We note that this determinant, when expanded, yields a polynomial
of degree n. The eigenvalues are thus the roots of this polynomial. Since a polynomial of
degree n has n roots, A has n eigenvalues (not necessarily real).

Eigenvalue problems arise in many physical applications, including free vibrations of
mechanical systems, buckling of structures, and the calculation of principal axes of stress,
strain, and inertia.

To illustrate the algebraic calculation of eigenvalues and eigenvectors, consider the 2 x 2

matrix
2 —1
A= 1.
I (1.99)
from which it follows that
det(A — M) = ‘ 2__1A 1__1A ‘ =2-N1-X)—-1=X-3\+1=0. (1.100)
Thus,
+
a3 2‘/5 ~ 0.382 and 2.618. (1.101)

To obtain the eigenvectors, we solve Eq. for each eigenvalue found. For the first eigen-
value, A = 0.382, we obtain

()0}

which is a redundant system of equations satisfied by

61
x = { 0? 8 } (1.103)

The superscript indicates that this is the eigenvector associated with the first eigenvalue.
Note that, since the eigenvalue problem is a homogeneous problem, any multiple of x(!) is
also an eigenvector. For the second eigenvalue, A = 2.618, we obtain

{ _(1?18 —1_.61518} { 2 }:{ 8 } (1.104)

1
@ _
x { 0618 } (1.105)

The determinant approach used above is fine for small matrices but not well-suited to nu-
merical computation involving large matrices.

a solution of which is

14



(a) Even (b) Odd

Figure 9: Examples of Even and Odd Functions.

1.7 Even and Odd Functions

A function f(z) is even if f(—x) = f(z) and odd if f(—z) = —f(x), as illustrated in Fig. [9|
Geometrically, an even function is symmetrical with respect to the line z = 0, and an odd
function is antisymmetrical. For example, cos x is even, and sin z is odd.

Even and odd functions have the following useful properties:

1.
2.
3.

© NS e

If f is even and smooth (continuous first derivative), f/(0) = 0.
If fisodd, f(0)=0.
The product of two even functions is even.
The product of two odd functions is even.
The product of an even and an odd function is odd.
The derivative of an even function is odd.
The derivative of an odd function is even.
If f is even,

/a f(ac)dx:2/0af(x)dx. (1.106)
If fis odd,

/a f(x)dz = 0. (1.107)

Most functions are neither even nor odd. However, any function f(x) can be represented
as the unique sum of even and odd functions

f(x) = fe(@) + fol), (1.108)
where f.(z) is the even part of f given by
fola) = 51 () + f(=2)), (1.109)
and f,(x) is the odd part of f given by
fola) = 311 () = f(=2)] (1.110)



2 Strain

2.1 Admissible Deformations

Consider an object which undergoes a deformation. Let (xy, 2, x3) denote the coordinates
of a point P in the undeformed state, and let (&1, &2, &3) denote the coordinates of the same
point after deformation. Thus,

§1 = & (21, 19, 73)
o = §o(w1, 29, T3) (2.1)
§3 = 53(I17$2,9€3),

and, inversely,
I = 901(51,52753)
To = $2(§1, &2, 53) (2-2)
T3 = 953(51,52753)-

To compute the derivatives 0/0z1, 9/0xs, and 0/0x3, we use the chain rule in the form

0 0 0& 0 0& 0 08

_— 2 2 2 2.
81’1 8{1 8ZE1 852 8x1 05381‘17 ( 3)
with similar relationships for 0/0zy and 0/0z3. In matrix form, we have
(0 Joa 06 os [ 2 )
0rq Ory Ory 0On 0&
o \_Joa og os|) 0 | 2.4
0z Ory Oxy 0o 06
9 o6 06 06 || 0
\ Ozxz / L Oz Oxsz Oxz 4 | 0& )
where the 3 x 3 matrix is referred to as the Jacobian matrix:
[ 06 06 0 ]
8.1’1 81’1 81‘1
jo| % oe o | (25)
8[172 8(132 81'2
08 08 0
L 8353 65133 8$3 .

We note that, to have a transformation for which the inverse exists, J=! must exist, i.e.,
detJ = |J| #0. (2.6)

If the body is not deformed at all (i.e., & = x1, & = x9, and & = z3), |J| = 1. Thus, since
the deformation is a continuous function of time, and |J| = 1 initially, we require |J| > 0 for
a physically realizable deformation.

16



The components of displacement of the point P are the differences between the old and

new coordinates:
up =& — a1
Uy = &9 — X9 (2.7)
uz = §3 — X3,
in which case
% 14 3u17 852 _ 3u2 (28)
0y Jor; Oxpy Oxy
and similarly for the other derivatives. Thus, we could alternatively write the condition for
a physically possible deformation as

Ow — Oup - Oug
0xq 0x1 0z,

8“1 @uQ 0U3

1+

J| = 14 == ——= | >0. 2.9
| | 8902 + 6372 61‘2 ( )
0
Ou — Ous y , Oug
81’3 6173 8x3
For example, consider the displacement field
Uy = 1 — 21’2
U = 3ZE1 + 2ZE2 (210)
uz = 53,
for which
2 30
J=1-2 3 0]|=T72>0. (2.11)
0 06

Thus, this displacement field is admissible.

Geometrically, the determinant of the Jacobian in Eq. can be seen to be the ratio of
two volumes (the ratio of the new volume to the old volume). If (&, &, &3) are curvilinear
coordinates, the vectors

/ % 3\ ( % ( % )
oy 0ra O3
dX]_ = % d&?l, dX2 = < % dl’g, dX3 = % d.fl'g (212)
8131 8372 8LU3
9% 9% 143}
\ Oz, / \ Oxg / \ Oxz /

are tangent to the 1, x2, and 3 coordinate curves, respectively. (The x; curve is the curve
obtained by changing x; while x5 and x3 are held fixed.) For example, in two dimensions

(Fig. , if x1 is increased by Axq,

A& AL
Ao, cos b, Ao, sin 6, (2.13)

17
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Figure 10: 2-D Coordinate Transformation.

which are the components of the tangent to the x; curve in the £;-& coordinates. From the
discussion of the triple scalar product, Eq. [1.30] the element of volume is

06 06 08
8.771 (91‘1 81’1
dV = dx, - (dxg x dxg) = | 20 92 0% 10y dey = |3\ doy dayds. (2.14)
8132 3@ 81’2
06 06 08
(9&33 83}3 8563

Thus, the requirement that |J| > 0 for an admissible deformation is equivalent to requiring

positive volume.
Since |J| is a ratio of volumes, it is the ratio of new volume to old volume for a transfor-

mation. For a volume V' that increases by AV,

V+av _ AV (2.15)

J:
3= 25 =5

where AV/V is referred to as the volumetric strain. If we expand the determinant in Eq. ,
we obtain

|J| =1+ ; + uius o + uspus 3 + Us3Ui g — UpoUsq — Uz zUs g — U3 1U13 + Ut 1U22U3 3
— U1,1U2,3U32 — Ut 2U21U33 + Ut 2U3,1U2,3 + Ut 3U21U3 2 — U 3U3,1U2.2- (2.16)
Thus, the volumetric strain is

AV
V

=U;; + Ur1U22 + U 2U3 3 + U3 3UL1 — U 2U21 — U2 3U32 — U3 1UL 3 + UL 1U22U3 3

— U 1U23U32 — Uy 2U21U3 3 + Uy 2U3 1U23 + U 3U1U3 2 — UL 3U31U22. (2-17)

For small displacements, the product terms are small, and

AV
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Figure 11: Geometry of Deformation.

2.2 Affine Transformations

Consider a body which undergoes a deformation. Let z; (i = 1,2,3) denote the set of
original coordinates before deformation. Let x} = x}(x1, 2, x3) denote the new coordinates
of the point (z1, xq, x3) after deformation. Here we are concerned only with the geometry of
the deformation. Neither the causes (e.g., forces or temperature changes) which give rise to
deformation nor the law which governs the body’s resistance to deformation are at issue now.
We assume that @} = 2}(z1, 29, 23) is smooth and single-valued. Thus, as shown in Fig. [11]
the point P with coordinates (x1, 2y, x3) is transformed to the point P’ with coordinates
(), . 7}).
A special case of this transformation occurs when z%(x1, z9, x3) is linear and is called an
affine transformation:
JI; =Z; + a0+ QT 5, (219)

where 7, is a new coordinate (i = 1,2,3), z; is an old coordinate, «;o is a rigid body
translation, and «; is a transformation matrix which includes the effects of both rigid body
rotation and stretching. This equation could alternatively be written in the form

i = oo + (03 + ), (2.20)

or, in matrix notation,
x' =ap+ I+ a)x. (2.21)

For example, in two dimensions, the matrix

c 0
I+ o — o 2.92
fa [0} c (2.22)

represents a uniform stretching by the scalar factor ¢. The matrix

I+a:{g_%} (2.23)

represents a 90° counter-clockwise rotation, since
0 —1 T _ —XT9 (2 24)
1 0 i) T ’ ’
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We require the deformation, Eq. [2.20, to be reversible; i.e., we must be able to solve for z;
in terms of x:
x; = Bio + (03 + 51‘;’)%, (2.25)
which is also a linear transformation.
Two properties of affine transformations are of interest:

1. Planes transform into planes. We prove this assertion by substituting Eq. into the
general equation for a plane
Az +By+Cz=D (2.26)

and observing that another linear equation results.

2. Straight lines transform into straight lines. This statement is a consequence of the first
property, since lines are intersections of planes.

Thus a vector A = A;e; transforms into another vector A’ = Ale;.

Consider a body which undergoes a motion consisting of a translation, rotation, and
deformation (Fig. . Let A be the vector in the undeformed body from the point with
coordinates x;9 to the point with coordinates x;:

Similarly, let A’ be the vector in the translated and deformed body from the point with
coordinates zf, to the point with coordinates z:

Al = — al (2.28)
= (Il -+ (7)) -+ ozijxj) — ('TiO + [67)) + aij$j0) (229)
= (z; — T0) + ayj(z; — xjo) (2.30)

Since the rigid body translation component has cancelled, the components of the rota-
tion/stretch vector are then

§A; = Al — A; = ayA; (i=1,2,3). (2.32)

We now want to separate the rotation from the stretch in the «a;;. Let A denote the
length of the vector A, i.e., A =|A|. Thus,

AP =A A= AA, (2.33)
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from which it follows (by differentiation) that
2A0A = 0A; Ay + A; 0A; = 2A,0A;, (2.34)
where §A is the change in length of A. Hence, from Eq.[2.32]
A0A = A;6A; = oy AiAj. (2.35)
For rigid motion (rotation without stretch), A = 0, and
a;jA;A; = 0 for all A;. (2.36)
That is, for rigid motion,
0411/1% + 0422/13 + 0433A§ + (02 + a91) A1 Ay + (13 + a31) A1 As + (g + as2) Ay A3 = 0 (2.37)
for all A;, which implies that each coefficient must vanish:
an =g =a33 =0, aig=—a91, a13=—a3z, Q3= —az (2.38)

or a;; = —aj; (skew-symmetric). Since any matrix can be decomposed uniquely into the
sum of symmetric and skew-symmetric matrices, we write

1 1
Oéij = 5(0&@' + Oéji) + 5(0[1']' — Oéjl') = Eij + wij, (239)

where the first term is symmetric and represents the deformation, and the second term is
skew-symmetric and represents the rotation. Thus we have defined

1

Eij = 5(041'3' + aji) = i, (2.40)
1

Wij = 5(0%‘]‘ — i) = —wji, (2.41)

where ¢;; are called the components of the strain tensor, although we have not proved yet
that this is a tensor.

2.3 Geometrical Interpretations of Strain Components
From Egs. and [2.39]
AVA = 0 AiAj = (g4 + wij)AiAj = € AA; + wij AA;, (2.42)
where the last quadratic form is zero, since w;; is skew-symmetric. Hence,
AdA = ¢;;AA;. (2.43)
If we divide this equation by A%, we obtain the change in length per unit length
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Figure 13: Geometrical Interpretation of Shear Strain.

For example, let A; # 0 and Ay = A3 = 0, in which case A = A; and

0A
— =£11. 2.45
< —en (245)
That is, the strain e;; represents the change in length per unit length in the x; direction.
Similarly, the strains €55 and 33 represent the change in length per unit length in the x5 and
x3 directions, respectively.

To interpret the off-diagonal component of strain e,3, for example, consider the two
vectors

A = Ageg, B = Bgeg, (246)
where Al = A5 = Bl = BQ = (. From Eq (5141 == OéZ]A]),

0A3 = aizpAy, 0By = a3 Bs, (2.47)

which imply the two vectors A and B are rotated toward each other by the angles ags and
g, respectively (Fig. . The change in angle (in the plane) between A and B due to the
deformation is then the sum of these two angles:

Qzg + Qo3 = 2e93 (2.48)

from Eq. 2.40] Note that 2e,3 is equivalent to the engineering shear strain component 7o3.
[Although there are also out-of-plane (z7) components of A’ and B’, such components are
higher order and can be neglected if we consider only infinitesimal deformations. That is,
the effects of these components on the rotation angle in the x5 — x3 plane are small.]

To summarize this discussion, the diagonal components of strain represent changes of
length per unit length, and the off-diagonal components represent changes in angle (due to

shearing):
5141 5142 5143

€11 = A €22 = A, €33 = A, 2855 = 7ij (17 J)- (2.49)

2.4 Strain as a Tensor

We now prove that the strain €;; is a tensor of rank 2. From Eq. [2.43]

AdA = EiinAj = ATEA, (250)
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Figure 14: General Infinitesimal Transformation.

where A is the original length of the vector A, and JA is the change in length of A. The
product A 0 A is independent of the coordinate system (i.e., it is invariant under an orthogonal
coordinate transformation). Thus, in two different coordinate systems,

ATEA = ATeA. (2.51)
However, since the vector A transforms according to the rule A = RA,
ATeA = (R"A)"e(RTA) = A" (ReR") A. (2.52)

Thus,
€= RERT or eE_ij = Riklegkl- (253)

That is, strain € transforms like a tensor of rank 2, and the assertion is proved.

2.5 General Infinitesimal Deformation

Recall the affine transformation, where the components of the rotation/stretch vector are
(SAZ = OéijAj (’l = 1, 2, 3), (254)

where 0 A; are the components of the vector dA.
Consider two nearby points x;9 and x; in the undeformed configuration. The components
of displacement of the first point (with coordinates x;9) are (Fig. [14).

Uiy = Tiy — Tio- (2.55)
The components of displacement of the second point (with coordinates x;) are
u; = 2, — ;. (2.56)
Then,
0A; = A} — Ai = (] — x3p) — (15 — mi0) = (0] — 23) — (Tho — Ti0) = wi — Ujo- (2.57)

We now recall the Taylor series expansions with different numbers of variables. In one
variable,

f@) = f(xo) + f'(xo)(x — m0) +--- . (2.58)

23



In two variables,

of(x ) of (x )
Flo.w) = Flao) + L0080 gy g O]y (250)
ox oy
In many variables, using index notation,
0 Z;
o) = Saio) + L2004 (2.60)
L
In Eq. [2.60} if f represents the displacement wu;,
3u,~
U; = Ui + (Ij — Ijo) + = Ui + um-Aj + e (261)
61’]‘

For small deformation, we can ignore the higher order terms of the Taylor expansion, and
write
U; — Ujp = UiJAj. (262)

The left-hand side of this equation is given by Eq. [2.57 implying

A comparison of this equation with Eq. yields a;; = u; ;. Thus, from Egs. [2.39)] |2.40]
and [2.41}

where ¢;;, the strain tensor, is symmetric and given by
1
Eij = 5(’&7;,]' + Ujﬂ;), (265)

and w;;, the rigid body rotation, is skew-symmetric and given by

Wij = %(um’ — Ujgi)- (2.66)
Eq. is referred to as the strain-displacement equation.

For further clarification, we write the strain-displacement equations in expanded notation,
where we let (z,y,z) rather than (x, 3, x3) denote the coordinates, and we let (u,v,w)
rather than (u,us,u3) denote the displacement components. Thus, for a general three-
dimensional body undergoing the deformation

u=u(x,y,2), v=0o(z,y,2), w=wxy,z), (2.67)

the strain-displacement equations are

ou ov ow
_ v _ Y - 2.
1 /0u Ov 1
Eaxy = 5 (a_y + (’)_x) = 5%@/7 (269)
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ov Ow 1
(82 * 8y) — e (2.70)
ou Ow 1
_ ) =N 2.71
Euz (az + ax) 5 ez (2.71)

The components of strain in Eq. are referred to as the normal (or direct) strains. The
components of strain in Egs. [2.69, 2.70, and 2.71] are referred to as the shear strains. The
strains 7;; are the engineering shear strains.

The main reason for defining mathematical shear strains which are half the engineering
shear strains is that ¢;; is a tensor of rank 2.

2.6 Compatibility Equations

Given any arbitrary displacement field u(zy, z9, x3), strains can be computed directly from
the strain-displacement equations

1
Sij = 5( i,j + uj,i)- (272)

However, the reverse is not true. The question is: Given any arbitrary set of strains, can
the displacements be computed? Clearly, since rigid body translations and rotations do not
contribute to strain, the best we could expect is uniqueness to arbitrary rigid body motions.
We might anticipate a problem in solving Eq. for the displacements, since Eq.
represents a system of six equations in three unknowns (uq, ug, ug).

If we multiply each side of Eq. by the alternating symbol e,;, and differentiate, we
obtain

2eripEijp = erip(Uij + Uji) p = Eriplijp + Eriplijip, (2.73)
where the last term vanishes, since if 7 and p are interchanged, the derivative is unchanged,
but e,;, changes signs. For example,

er12Uj12 + €r21Ujo1 = (€r12 + €,21)Uj12 = (€12 — €r12)uj12 = 0. (2.74)
Thus, Eq. becomes
2€,ip€ijp = EripWijp- (2.75)

We now multiply both sides of this equation by e,;, and differentiate to obtain
2€rip€sjq€ijpq = CripCsjqli,jpg, (2.76)

where the right-hand side vanishes for the same reason that the last term in Eq. [2.73| vanishes.
In this case, subscripts j and ¢ are common to both the alternating symbol and the derivative.
Thus,

€rip€sjqCijpg = 0- (2.77)

These equations, known as the compatibility equations, are necessary for the strain-displacement
equations to have a displacement solution.
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The compatibility equations, Eq. [2.77], represent nine equations, since there are two free
indices (r and s), each of which takes the values 1,2,3. However, it turns out that, due to
symmetries on ¢;; and on the derivatives, only six of the nine equations are unique.

Notice that, for each r and s, each equation has four terms, since, for fixed r and s, there
are two nonzero choices for ip and two for jq. For example, if r = s = 1, Eq. is

€123 €123 €22,33 T €123 €132 €23,32 1 €132 €123 €32,23 + €132 €132 €33,22 = 0 (2.78)
or
€92.33 — €2332 — €32,23 + €3320 = 0, (2.79)

where the second and third terms are equal. Thus, the first of the six compatibility equations
is
232,23 = €2233 + €33,22. (2.80)

The other five compatibility equations are

2e12,12 = €11,22 + €22,11, (2.81)
2€13,13 = €11,33 1+ €33,11, (2.82)
€11,23 = —€23,11 1+ €31,12 + €12,13, (2.83)
€92,13 = —€31,22 + €12,23 + €23,12, (2.84)
€33,12 = —€12,33 T €23,31 + €31,32- (2.85)
It can be shown that the above six equations can also be written in index notation as
Eijkl T Eklij — Eikgl — Ejl,ik = 0. (2.86)

The compatibility equations derived above have been shown to be necessary for the ex-
istence of a displacement field given the strains. It can be shown[I8] that they are also
sufficient. Hence, the compatibility equations are both necessary and sufficient for the exis-
tence of a displacement field, given the strains.

Two other properties of displacement fields result from the proof (not shown here) of the
sufficiency of the compatibility equations:

1. Zero strains imply a rigid body displacement field (translation and rotation).
2. Given compatible strains, the displacements are unique to within a rigid body motion.

Neither of these properties is unexpected.
Note that, in two dimensions, there is only one non-trivial compatibility equation (Eq.[2.81]).
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2.7 Integrating the Strain-Displacement Equations

The strain compatibility equations are both necessary and sufficient for the existence of the
displacement field, given the strains. Finding the displacements, however, requires integrat-
ing the strain-displacement equations.

Consider, for example, the two-dimensional strain field

_8u_A _@v ou Ov

Tzxr — o — ‘b —_:0, 2;52— —:O, 2.87
c Ox Euy oy Say dy + ox (2.87)

where A is a specified constant. This strain field satisfies the compatibility equations. Inte-
grating the first two of these equations yields

{u—Ax+f(y)

v = g(x), (2.88)

where f(y) and g(z) are unknown functions of y and x, respectively. The substitution of
these functions for v and v into Eq. yields

f'y)+4(x)=0 (2.89)
f'(y) = —4'(v), (2.90)

which states that a function of y equals a function of x for all x,y. Hence, each function
must necessarily be a constant:

f'(y) = —¢'(z) = B. (2.91)
Thus,
fly)=By+C
{ g(x) = —Bx + D, (2.92)

where C' and D and constants, and

(2.93)

u=Axr+ By +C
v=—Bx+D.

We can write this result in matrix form involving symmetric and antisymmetric matrices:

LGH G E) e

where the first term on the right-hand side represents the stretch, the second term represents
rigid body rotation, and the third term represents rigid body translation. In two dimensions,
rigid body motion has three degrees of freedom (B, C', D). Notice that the second matrix
on the right-hand side is skew-symmetric, as required for a rotation.

27



2.8 Principal Axes of Strain

Consider the strain tensor
€11 €12 €13
g = €91 €922 £923 . (295)
€31 €32 €33
A key problem is to determine whether there is an orthogonal transformation of coordinates
(i.e., a rotation of axes) x’ = Rx such that the strain tensor e is diagonalized:

.0 0 er 00
=10 ¢, 0]=]|0 e 0], (2.96)
0 0 &y 0 0 e

where the diagonal strains in this new coordinate system are denoted ey, es, e3.
Since the strain € is a tensor of rank two,

ReR” =€ or eR’ = R'¢. (2.97)
We now let v; denote the ith column of R i.e.,
RT = [Vl Vo Vg], (298)

in which case Eq. can be written in matrix form as

€1 0 0
€[V1 Vo Vg] = [Vl Vo V3] 0 €9 0 = [€1V1 €9Vo €3V3]. (299)
0 0 €3

(The various matrices in this equation are conformable from a “block” point of view, since
the left-hand side is, for example, the product of a 1 x 1 matrix with a 1 x 3 matrix.) Each
column of this equation is

ev; = e;v; (no sum on 7). (2.100)

Thus, the original desire to find a coordinate rotation which would transform the strain
tensor to diagonal form reduces to seeking vectors v such that

EV = ev. (2.101)

Eq. is an eigenvalue problem with e the eigenvalue, and v the corresponding eigen-
vector. The goal in solving Eq. (and eigenvalue problems in general) is to find nonzero
vectors v which satisfy Eq. for some scalar e. Geometrically, the goal in solving
Eq. is to find nonzero vectors v which, when multiplied (or transformed) by the ma-
trix e, result in new vectors which are parallel to v.

Eq. is equivalent to the matrix system

(e —el)v=0. (2.102)
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This equation clearly has the trivial solution v = 0. Indeed, if the left-hand side matrix
e — el were nonsingular, the only solution would be v = 0. Thus, for nontrivial solutions
(v # 0), the matrix € — el must be singular, implying that

€11 — € €12 €13
det(&: - 61) = €921 E9g — € €923 = O, (2103)
€31 €32 €33 — €

which is referred to as the characteristic equation associated with the eigenvalue problem.
The characteristic equation is a cubic polynomial in e, since, when expanded, yields

(511 - 6)[(522 - 6)(633 - 6) - 523532] - 512[821(533 - 6) - 523531]

-+ 813[621832 — 831(522 — 6)] =0 (2104)
or
— 63 + 9162 — 026 + (93 = O, (2105)
where
th =cn+entepn=cy=tre
92 = E£99E33 + €33E11 + £11E22 — 5%1 — 5%2 — 5%3 = %(giigjj — 51‘]'8]'1') (2106)

93 = det €.

The strains ey, es, e3, which are the three solutions of the characteristic equation, are
referred to as the principal strains. The resulting strain tensor is

€1 0 0
e=|0 e 0|, (2.107)
0 0 €3

and the coordinate axes of the coordinate system in which the strain tensor is diagonal is
referred to as the principal axes of strain or the principal coordinates.

The principal axes of strain are the eigenvectors of the strain tensor, since the eigenvectors
(if scaled to unit length) are columns of R” (rows of R), where

Rij = e; - €5. (2108)

Thus, Row ¢ of R consists of the direction cosines of the ith principal axis. Although, in
general, eigenvectors can have any scaling, the eigenvectors must be scaled to unit length
when placed in the rotation matrix R; otherwise, R would not be orthogonal.

Since the principal strains are independent of the original coordinate system, the co-
efficients of the characteristic polynomial, Eq. 2.105] must be invariant with respect to a
coordinate rotation. Thus, 61, 05, and 05 are referred to as the invariants of the strain tensor.
That is, the three invariants have the same values in all coordinate systems.

In principal coordinates, the strain invariants are

91 —=e1+ e+ e3
92 — €9€3 + €3€1 + e169 (2109)
03 = eiezes
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We note that the above theory for eigenvalues, principal axes, and invariants is applicable
to all tensors of rank 2, since we did not use the fact that we were dealing specifically with
strain. For example, stress (which has not been discussed yet) will also turn out to be a
tensor of rank 2. A geometrical example of a tensor of rank 2 is the inertia matrix /;; whose
matrix elements are moments of inertia. The determination of principal axes of inertia in
two dimensions in an eigenvalue problem.

What we have proved here in the context of strain is one of the fundamental results of
linear algebra: Given a real, symmetric matrix A, the matrix product

A1
A2
STAS =A = A3 (2.110)

An

is diagonal, where S is the matrix whose columns are the normalized eigenvectors, and A; is
the ith eigenvalue. Thus, S is the diagonalizing matrix for A. More generally, if the matrix
A is unsymmetric, and the eigenvectors of A are linearly independent, and a matrix S is
formed whose columns are the eigenvectors of A (with any normalization), then the matrix
product

A1
A2
STTAS=A= A3 (2.111)

An

is diagonal. This property is proved in block form as follows: If x( is the ith eigenvector of
A, then

AS = A [ <) x@) ... x(®) ]

= [ AxD Ax®@ ... Ax(™ ]

= [ AxM o ox@ ) x(™) ]
By i

A2

=[x x@ ... x] A3 = SA. (2.112)

i An
Since the columns of S are independent, S is invertible, and

ST'AS = A. (2.113)
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2.9 Properties of the Real Symmetric Eigenvalue Problem

Since the matrix coefficients in the principal strain eigenvalue problem, Eq. [2.101], are real
and symmetric, the eigenvalue problem is termed a real symmetric eigenvalue problem. We
can write such problems in the general form

Mx = Ax, (2.114)

where the coefficient matrix M is real and symmetric, and A denotes the eigenvalue. Real
symmetric eigenvalue problems have two additional general properties of interest.

Property 1. For the real symmetric matrix M, the eigenvalue problem, Eq. 2.114] has
real eigenvalues. To prove this statement, we first take the complex conjugate of both sides

of this equation to obtain
Mx* = \'x*, (2.115)

where the asterisk denotes the complex conjugate. If we multiply Eq. [2.114| by x*7 and
Eq. 2.115/ by x*, we obtain

xTMx = \x*Tx and x"Mx* = \*x'x". (2.116)

The left-hand sides of these two equations are scalars and hence equal, since a scalar is equal
to its own transpose. Thus, by equating the two right-hand sides, we obtain

A= A)xTx= (A=) x> =0. (2.117)

Since x # 0, A* = A. That is, A is real, and the first property is proved.

Property 2. For the real symmetric matrix M, the eigenvalue problem, Eq. 2.114] has
orthogonal eigenvectors if the eigenvalues are distinct. To prove this statement, we first
consider two eigenvalue/eigenvector pairs for distinct eigenvalues A\; and Ay, in which case

MX1 = )\1X1, MX2 = )\2X2. (2118)

If we now multiply the first of these equations by xZ, the second by x?, and subtract, we

obtain
()\1 - )\2)X1 *cXo = XgMXl — X{MXQ, (2119)

where we note that, for two vectors a and b, the matrix product a’b is equivalent to the
dot product a - b. The first term on the right-hand side is

xa Mx; = (xa Mx;)" = x] MTx, = x] Mxy, (2.120)

where the first equation follows since a scalar is “symmetric” (and is equal to its own trans-
pose), the second equation follows since the transpose of a matrix product is equal to the
product of the individual transposes in reverse order, and the third equation follows from

the symmetry of M. Thus, from Eq. [2.119,
()\1 — )\Q)Xl + X9 = 0, (2121)

and, for distinct eigenvalues (A # Ag), X3 - x93 = 0. Thus the principal directions associated
with a matrix are mutually orthogonal.
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Figure 15: Rectangular Parallelepiped.

2.10 Geometrical Interpretation of the First Invariant
Recall from Eq. [2.106| that the first invariant of the strain tensor is
91 = €11 +E99 +E33 =€ = tr e. (2122)

Consider a rectangular parallelepiped of sides [y, ls, 5 (Fig. . The original volume V' of
the parallelepiped (before deformation) is V' = ljlsl3. Since shear strains do not cause a
change in volume (e.g., see Fig. , the new volume after straining is given by

V+AV = l1<]. + 511)l2(1 + 622)l3(1 + 533) = lll2l3(1 +€e11 + €22 tE33+ - )7 (2123)

where the terms omitted from the right-hand side involve products of strains which can be
ignored if the strains are infinitesimal. Thus,

AV = lllglg(gll + €99 + 833) = Vgii (2124)

o AV
i = T 2.125
fu= (2125)

which is consistent with Eq. The first invariant (equal to the trace of the strain tensor)
is referred to as the volumetric strain.

2.11 Finite Deformation

The strain-displacement relations derived in made the assumption of small deformations.
Here we consider a more general derivation of the strain-displacement relations which would
be needed for a variety of problems involving large deformations and other nonlinear effects
such as buckling.

Let z; denote the Cartesian coordinates of a point in an undeformed body (Fig. [16). Let
x; denote the coordinates of the same point in the deformed body. The displacement of the
point is

u; = T — ;. (2.126)

We let d¢ and d¢' denote the distance between z; and a nearby point in the body before and
after deformation, respectively. Then,

d* = da? + dol + dvi = dw; dx;. (2.127)
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Figure 16: Geometry of Finite Deformation.

Similarly, for the deformed body,

di? = dx) da!. (2.128)
From Eq. 2.126]
de, = dz; + du;, (2.129)
where, from the chain rule,
Ju;
dui = % dl’j = Uj,j dl’j, (2130)
j
since the displacements u; depend on the coordinates. Then,
= dx; dr; + u; j dx; dr; + w;p dx; doy, + w,; ju,  doj dxy, (2.132)
= CMQ + Uy 5 dl’l d%j + Uj i dl’l d%j + Uk Uk, j dl’l dl’j, (2133)

where, in the third term, we have replaced ¢ by j and k by 7, and, in the last term, we have
interchanged ¢ and k. Hence,

d€/2 — d€2 = (uw + Uyji + ukﬂ'uk’j) d&:z dﬂ?j. (2134)
We take the difference df'? — df? as the measure of strain and define €;; by
d1€/2 - d€2 = 252']‘ dl’z de’j. (2135)

Thus,
1
Cij = 5(“13 + wji + Up ). (2.136)

_ou Lf(un)t (0 (0w’
8‘”783: 2 ox ox ox

_1(8u Ov  Oudu OvOov 8w6w)

For example,

—~

2.137)

and

Exy_E a—y—f—%-l—%a—y—f—%a—y‘f‘%a_y (2'138)

The other strain expressions are similar. Note that, for small strains, the nonlinear (product)

terms can be neglected, and Eq. [2.136| reduces to Eq. [2.65]
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Figure 17: Arbitrary Body of Volume V' and Surface S.

3 Stress

Consider a general three-dimensional elastic body (Fig. acted upon by forces. There are
two kinds of forces of interest:

1. body forces, which act at each point throughout the volume of the body (e.g., gravity),
and

2. surface forces (tractions), which act only on surface points (e.g., hydrostatic pressure
on a submerged body).

Let p denote the mass density (mass per unit volume) of the body material. The mass
of the body is then
/ pdV.
v

/ pgdV,
\%

where g is the acceleration due to gravity vector. In general, if f denotes the body force per
unit mass, the net force on the body due to f is

/pde,
14

where pf is the body force per unit volume. The net moment due to the body force f is then

/rxpde,
v

where r is the position vector given in Cartesian coordinates by

The net body force due to gravity is

r = ze, + ye, + ze, = x;e;. (3.1)

The position vector of a point is thus the vector from the coordinate origin to the point.

Let t(x,n) denote the stress vector, the internal force per unit area on an internal surface
(at a point x) with normal n (Fig.[L§)). This vector depends on the orientation of the surface
and has three components. On an external surface, we denote t by T, which is referred to
as the vector of surface tractions. The force on the surface S is then

§ tas.
s
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Figure 18: Stress Vector.
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Figure 19: Sign Conventions for Stress Components.

—

where S may be either an internal or external surface. If we consider all forces (surface and
body), the net force on the volume V is

/ pf dV + f tds.
v S
Similarly, the net moment on V' is

/rxpde—i—%rxtdS.
1% S

Since t(x,n) at a point x depends on the surface in question (with normal n) and has
three components, we define ,(x, e;) = 0;; as the jth component of the stress vector acting
on a surface with normal in the ith coordinate direction. That is,

O_ij = ej . t(X, ei), (32)

where, in three dimensions, ¢+ and j take the values 1, 2, 3.
We use the following sign conventions for the stress components (Fig. :

1. A component of normal stress (011, 092, 033) is positive in tension (i.e., t acts away
from the surface to which it is applied).

2. A component of shear stress (012, 013, 091, 093, 031, 032) is positive if it acts in the
positive coordinate direction on a face where the normal stress acts in the positive
coordinate direction.

We wish to relate the stress vector t to the stress components o0;;. Consider a small
trirectangular tetrahedron for which the inclined face has normal n (Fig. . A trirectangu-
lar tetrahedron is a tetrahedron with three right triangular faces. Let h denote the “height”
of the tetrahedron (i.e., the distance from the inclined plane to the origin), AS denote the
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Figure 20: Stresses on Small Tetrahedron.

area of the inclined triangle, and AS; denote the area of the right triangle in the coordinate
plane having e; as its unit normal. In general, according to de Gua’s theorem [J.P. de Gua
de Malves (1712-1785)],

where n; is the ith component of the normal n (i.e., the direction cosines). Note, from
geometry, that the volume of the tetrahedron is (AS)h/3.

For a small volume (small i), the body force will not vary much over the volume. Hence,
the force balance in the 7th direction is

(pr)V + (AS)tZ — 01 ASl — 09; ASQ — 03; AS?, == O, (34)

where the first term is the body force, the second term is the force on the inclined surface,
and the last three terms are the forces on the three coordinate surfaces. Thus,

where AS; = n; AS from Eq. Hence

If we now take the limit as h — 0, the first term disappears, and
ti = 0N (37)

That is, we have expressed the stress vector at a point on a surface in terms of the individual
components of stress at that location and the surface normal.

3.1 Momentum Equation

To derive the equations of dynamic equilibrium for a body, we use Newton’s second law,
which states that the net force on a body (the sum of surface and body forces) equals the
product of mass and acceleration:

ftdSJr/pde:/iipdV (3.8)
S v v
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or, in index notation,

S \% \%

where dots denote time derivatives. The first term of this equation (the surface traction) is

given by
%tl dS = %O’jin]’ dS = / O jij dV, (310)
S S \%

where the second equality follows from the divergence theorem, Eq.[1.90] Thus, from Eq.[3.9]

\%

Since this equation must hold for all V', the integrand must vanish at points of continuity of
the integrand:

0jij + pfi = pi, (3.12)

which is referred to as the momentum equation, since it arose from the balance of linear
momenta.

3.2 Angular Momentum

The net moment of the forces acting on a body is equal to the rate of change of the moment
of momentum (angular momentum):

d
/rxpde—l—]{rxtdS:—/rxpildV, (3.13)
v s dt Jy

where r is the position vector given by
Recall from Eq. that, for two vectors a and b, the kth component of the cross product

is
(a x b) = abjeyu, (3.15)

where e;;;, is the alternating symbol. Then, from Eq. in index notation,

/ pxifjeijk dVv + f xitjeijk dS = / pxiiljeijk d‘/, (316)
\% S \%4

where, from Eq. 3.7 t; = oy;n;. Thus, from the divergence theorem,

/pxzf]ewk dV—i—/(fL’ZO'ZJBUk)’l dV:/piL‘quGUk dV (317)
\% %4 \%

By expanding the derivative in the second integral, we obtain
/ pxifjeijk dV + / (mi7laljeijk + xio-lj,leijk) dV = / pwiiljeijk dV, (318)
1% 1% v

37



where x;; = d;;, so that
/V [z; (0150 + pfj — plij) €iji + 04€i56) AV = 0. (3.19)
Since, by the momentum equation, Eq.[3.12] the parenthetical expression vanishes, we obtain
/ gijeijrdV =0, (3.20)
v

which must hold for all V' (i.e., V is arbitrary). Thus, at points of continuity of the integrand,
the integrand must vanish, and

For example, for k = 3,
0 = o12€123 + 021213 = 012(1) + 091 (—1) (3.22)
or
012 = 021 (3-23)
and, similarly,
013 = 031, 023 = O32. (324)

Thus, in index notation, the balance of moments implies
035 = Ojj- (325)

That is, o is symmetric.
Since o is symmetric, we can re-write the momentum and stress vector equations as

{ 04,5 + pf’L = PUy, (326)

ti = O'Z‘j’n,j

or t = on. In expanded form, the momentum equations are
00 34 n 004y n 00,
ox dy 0z
00y N oy, N oy,
ox oy 0z

00, 0o,y 0o, .
= 2

where the three Cartesian components of displacement are (u, v, w).
The momentum equation, Eq. [3.26fa, reduces for statics problems to the equilibrium
equation

+ pfa = pii, (3.27)

+ pfy = pi, (3.28)

i = —Pfi; (3.30)
since the acceleration term is zero. In the absence of body forces (e.g., gravity), the equilib-
rium equation is simply

0ijj = 0. (3.31)
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Figure 21: Components of Stress Vector.

3.3 Stress as a Tensor
We now show that o is a tensor of rank 2. From Eq. [3.26b, the stress vector is
ti = 0;jn; Or t =on. (332)

In another coordinate system, z;,

t =on, (3.33)
where the vectors transform under an orthogonal coordinate transformation according to the
rule for tensors of rank 1:

t =R"t, n=R"n. (3.34)
Thus,
Rt = oR"n. (3.35)
If we multiply both sides of this equation by the orthogonal rotation matrix R, we obtain
t =RoR"h. (3.36)
since RRT = I. A comparison of this equation with Eq. yields
6 =RoR" or 6;; = RxowR]; = RiRjion. (3.37)

Thus, o is a tensor of rank 2.

The stress tensor is symmetric and real. Thus, from the discussion of principal axes of
strain in , the stress tensor also has three real eigenvalues (principal stresses) and three
mutually orthogonal eigenvectors (the principal directions of stress). The eigenvalue problem
to determine the principal stresses is thus

oX = 0X, (3.38)

where the eigenvalue is denoted &.
The stress vector equation, t = on, allows us to compute specific components of stress on
a surface with normal n. For example, in Fig. if the stress tensor in Cartesian coordinates
is o, the stress vector on the surface with normal n is on, and the normal stress on that
surface is
Opn =N - 0N = 071 (3.39)
Pythagoras’ theorem can then be used to deduce the shear stress on a face given the stress
vector and the normal stress. Note also that this calculation of o,,, is representative of the
transformation of second-rank tensors in general. Thus, the normal component of strain on
a surface with normal n is
Enn = EijNiN;. (3.40)
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3.4 Mean Stress in a Deformed Body

Consider a body in a state of static stress with no body force. The equilibrium equation,
which must hold at every point in a body, is

i = 0. (3.41)
Thus,
/ 0ij T dV = 0. (3.42)
The integrand can be written in the fo‘;m
0ij itk = (0ijTk) j — 0Tk = (03jTk) j = Oit (3.43)

since x, ; = dx;. Thus,

/(O’Z‘jxk>7j dV — / Ok dV = 0. (344)
14

1%
The mean stress over the volume is defined as

1

Hence,

1 1 1

where the second equation results from the divergence theorem. Since the stress tensor is
symmetric, this formula can be written in the symmetric form

_ 1
045 = W ﬁ(til‘j + tjl‘i) ds. (347)
Thus, the mean value of the stress tensor in a body with no body force can be found from the
external forces (tractions) acting on the body without solving the equations of equilibrium.

3.5 Fluid-Structure Interface Condition

Consider an elastic structure in contact with a compressible, inviscid fluid (sometimes re-
ferred to as the “acoustic” fluid), for which the pressure satisfies the wave equation

L.
Vip = =D (3.48)

where ¢ is the speed of sound in the fluid, and dots denote derivatives with respect to the time
t. For exterior fluids, problems of interest include underwater vibrations, acoustic radiation
and scattering, and shock. For interior fluids, problems of interest include the dynamics of
acoustic cavities, fluid-filled tanks, and piping systems. If the fluid at the fluid-structure
interface is non-cavitating, the interface condition follows immediately from the momentum
equation (Eq. [3.26)): 5

p
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where p is the fluid pressure (positive in compression) and i, is the normal component of
acceleration at the interface. Since this fluid model cannot support shear, the only nonzero
component of stress at the interface is the direct stress in the normal direction. In a coupled
fluid-structure problem, the coupling is two-way. Thus, Eq. can be viewed as the effect
of the structure on the fluid. The effect of the fluid on the structure is simply that the
normal stress must match the fluid pressure:

T = —p. (3.50)

4 Equations of Elasticity

4.1 Hooke’s Law

The discussion of deformation involved only kinematics and geometry without the need to
discuss the forces which might be involved in causing the deformation. On the other hand,
the discussion of stress related the various forces to each other and determined the equations
of equilibrium. Now we wish to relate the forces to the deformations.

Some materials (e.g., steel), when loaded, obey Hooke’s law, which states that the ex-
tension is proportional to the force (or stress is proportional to strain). Thus, in uniaxial

loading (one dimension),
o = Fke, (4.1)

where the proportionality constant F, which must be experimentally determined, is called
Young’s modulus or the modulus of elasticity.

In general three-dimensional elasticity, there are nine components of stress and nine
components of strain (of which, due to symmetry, only six are unique). Thus, the three-
dimensional generalization of Hooke’s law is referred to as generalized Hooke’s law, which
states that each component of stress is a linear combination of all the strain components;
i.e., in index notation,

Oij = CijkiEkls (4.2)

where the elastic constants are denoted c;;;. For fixed 77, each of these equations has nine
terms.

We now prove that ¢,y is a tensor of rank 4. We can write Eq. in terms of stress and
strain in a second orthogonal coordinate system as

Ry R0 = cijti Rk Rni€mn- (4.3)
If we multiply both sides of this equation by R,;R,;, and sum repeated indices, we obtain
Ry Roi Ryi R0 = RoiRyj Rk RniCijii€mn, (4.4)
or, because R is an orthogonal matrix,
OokOpiOt = Top = Roi Rpj Rink Rt CijiEmn.- (4.5)
Since, in the second coordinate system,

50;0 - éopmngmna (46)
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we conclude that

Eopmn = RoiRijmkRnlCijkla (47)

which proves that c;j; is a tensor of rank 4.
Because c;;i; has four subscripts, there are 3* = 81 constants. However, stress symmetry
(0i; = 0j;) implies
Cijkl = Cjikl, (4-8)

and strain symmetry (g;; = ¢;;) implies
Cijkl = Cijlk- (4-9)
This last result is proved by observing that
Cijkl€kl = Cijik€ik = CijlkEkL, (4-10)

where the first equation follows from the interchange of the dummy indices k£ and [, and the
second equation follows from the strain symmetry €5, = ;. Thus, since the constants c;;u
relate six unique stresses to six unique strains, there are (so far) at most 36 unique constants.
An alternative way to display the generalized Hooke’s law is

( 011 ) C1111  C1122 C1133 Ci112 C1123 Ci1131 ( €11 )
022 C2211 (2222 (2233 (2212 C2223 (2231 €22
033 _ | ©8311 C3322 (3333 C3312 (3323 (3331 €33 ( 41 1)
012 Ci211 Ci222 Ci1233 Ci1212 Ci1223 Ci1231 2e12 ’
023 C2311  C2322 (2333 (2312 (2323 (2331 2e93
L 031 ) L C3111 C3122 C€3133 C3112 €3123 €3131 | \ 2e31 )

where, for ¢ # j, 2¢;; = 7, is the engineering shear strain. Note that, although we have
arranged the stresses and strains in Eq. into arrays, these arrays are not vectors (tensors
of rank 1). In computational mechanics, it is sometimes convenient to use arrays of stress
and strain components like these.

To avoid dealing with the double sums in generalized Hooke’s law, we could alternatively
introduce the notation

011 = 01, 022 =02, 033 =03, 012 = 04, 023 = 05, 031 = Og,

4.12
€11 = €1, E2p =€z, €33 =E3, 2619 = &4, 2623 =5, 2631 = &, ( )

in which case generalized Hooke’s law could be written in the form
0; = Cii€j. (413)

4.2 Strain Energy

We consider first the one-dimensional case of a rod of length L placed in uniaxial tension by
a force F' (Fig. . We let u denote the axial displacement of the rod (the change in length
of the rod). Let F be increased gradually from zero to some level F'. By Hooke’s law, the
force vs. displacement curve is linear, as shown in Fig. [23;
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F+— 4. F = force
l— L — | u = displacement

Figure 22: Rod in Uniaxial Tension.

> U

u

Figure 23: Force-Displacement Curve for Rod in Uniaxial Tension.

F = ku, (4.14)

where k is the stiffness (force per unit length) of the rod. The work W done by the force on
the rod is the area under the force-displacement curve:

u “ 1 _ 1 1
W = / F(u)du = / kudu = ki = ~Fu = ~0AcL = —0€V, (4.15)
; ; 2 2 2

1
2
where @ is the final displacement corresponding to force F', A is the cross-sectional area of
the rod, and V' = AL is the volume of the rod. The work done by the force F' on the rod
goes into increasing the internal energy (called strain energy) in the material.

Let w denote strain energy density (the strain energy per unit volume). For the one-

dimensional rod case,

1 1
w = 505 = §U$J1€:w:- (4.16)

We note that, for this one-dimensional case,

ow B 0
O2ps  Ofua

1
(Qngm) = Etpp = Ops. (4.17)

That is, the derivative of strain energy density with respect to strain yields the stress.
For multiaxial stress, we define the strain energy density as

1
w = 50’1']'61']' (418)

or, if we substitute generalized Hooke’s law (Eq. ,

1
w = Ecijklgijgkl' (419)
In the more compact notation of Eq. 4.13| Eq. could alternatively be written
1
w = 50ij€i€j7 (420)
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which is a quadratic form. Since, from the discussion of quadratic forms in §I.3 the anti-
symmetric part of ¢;; does not contribute to w, we could take

Cij = Cji, (421)
or, in terms of the material tensor of rank 4,
Cijkl = Cklij- (4-22)

If we differentiate the strain energy density function with respect to a strain component,
we obtain

ow 1 881“ 1 8ekl 1 1
9 = §Cijlcla€—J€kl + 5%’/&1%'? = icijkldim5jn5kl + §Cijkz€z’j5km5ln
1 1 1 1
= §Cmnk15kl + §Cijmn5ij = §Cmnij€ij + §Cmm‘j€zj = Cmnij€ij = Omn; (4.23)

where, in the fourth equation, we replaced the dummy subscripts kI with i in the first term
and used the symmetry given in Eq. in the second term. Thus, with this assumed
symmetry, the derivative of the strain energy density with respect to a component of strain
is the corresponding component of stress. We can differentiate again to obtain

8211) 66 i
05kl85mn ¢ ]a&?kl ¢ JUik=It Crmnkl ( )
Similarly, .
w
85mn85kl ol ( )

Since the left-hand sides of the last two equations are equal, we again obtain the result
Cijkl = Cklij- (4-26)

To avoid the appearance of a circular argument here, we summarize the basic result: If
there exists a strain energy density function w given by Eq. with the property

ow

N, 4.27
a%’ UJ ( )

Eq. holds.

Since we started with strain energy, this symmetry of the material constants is implied
by the existence of strain energy. As a consequence of Eq. [£.26] the 6 x 6 matrix of ma-
terial constants in Eq. is symmetric. Thus, the existence of a strain energy function
implies that there are at most 21 independent material constants. That is, the most general
anisotropic homogeneous material has at most 21 elastic constants.
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4.3 Material Symmetry

We have shown that the most general anisotropic homogeneous material has at most 21
independent elastic constants. However, a particular material may exhibit certain symme-
tries with regard to material properties. Such symmetries reduce further the number of
independent elastic constants.

For example, a material which is elastically symmetric with respect to the zy-plane
would have elastic constants c;ji; which are invariant under a coordinate transformation
corresponding to a reflection through the zy-plane. That is, the components of a vector x
would transform according to

r = Ty,
Ty = 9, (428)
T3 = —Ts,

which corresponds to a coordinate transformation matrix given by

10 0
R=|01 0 (4.29)
00 -1
or
Rij = aiéij (HO sum on Z), (430)
where
1
a= 1 ». (4.31)
-1
For this material,
Cijkl = RiijanzaRlpcmnopa (432)

where we have ¢ rather than ¢ on the left-hand side, since the material constants are invariant
under the symmetry transformation. Thus,

Cijki = @i0im 00 jn00ko@01pCrnop = GiG;AxAC;jk (N0 sum on 4, 7, k, 1), (4.33)

where a; = £1. This last result implies that, if a;,a;ara; # 1, c;jm = 0, which implies that, if
any odd number of subscripts is equal to 3, ¢;j;; = 0. Hence,

C3111 = C3112 = C3122 = C3211 = C3212 = C3222 = C3331 = C3332 = 0, (4-34)

and the number of independent elastic constants reduces from 21 to 13:

[ ciin ez cnzs iz 0 0 ]
C2222 C2233 (2212 0 0
C— C3333 (3312 0 0 7 (4'35)
C1212 0 0
Sym C2323 (2331
L C3131 |
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where C denotes the matrix of elastic constants. This symmetry case is useful, because it
leads to an easy derivation of the orthotropic case.

An orthotropic material has three orthogonal planes of symmetry. Thus, in Eq. [4.35]
those elastic constants having an odd number of subscripts equal to either 1 or 2 will vanish,
and the material matrix is

[ cii11 crize cizz 0 0 0 |
Co222 C2233 0 0 0
C3333 O 0 0
C = 4.36
ci212 0 0 ( )
Sym Cozo3 0
L C3131 |

Thus, an orthotropic material has nine independent elastic constants. Note that, for an
orthotropic material, there is no coupling between the direct stresses and the shear strains
and wvice versa.

An isotropic material, for which all directions are equivalent, has two independent elastic
constants. We will prove this statement using a tensor approach rather than using the above
approach, which would require the application of various rotations [1§].

4.4 Isotropic Materials

We recall from the end of that the Kronecker delta ¢;; is an isotropic tensor of rank 2. It
can be shown in tensor analysis that d;; is the only isotropic tensor of rank 2 and, moreover,
d;; is the characteristic tensor for all isotropic tensors:

Rank | Isotropic Tensors

1 none
2 C(Sij
3 none

4 aéijékl + béikéﬂ + C(SilCSjk
odd | none

(The alternating symbol e;;;, is a pseudotensor.) All isotropic tensors of rank 4 must be of
the form shown above. Specifically, for the tensor ¢;j;; to be an isotropic tensor of rank 4, it
must necessarily be of the form

Cijkl = 03O0 + 10051 + BOudju, (4.37)
where the symmetry c¢;jn = cjiry implies 8 = p. Thus, for an isotropic material,
Cijkt = N0ijO + (6t + 0adjk), (4.38)

where A and p are referred to as the Lamé constants of elasticity. Thus, an isotropic material
has two independent elastic constants.
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Using Eq. [4.38] the generalized Hooke’s law becomes
Oij = Ciji€k = Nij0mer + p(6inbji + 0adjn)er = Negrdij + pei; + Heji- (4.39)

Thus, because the strain tensor in symmetric, generalized Hooke’s law becomes, for an
isotropic material,
045 = )\ekk&-j + 2,&51']', (440)

which has two independent elastic constants. In expanded form, we obtain

( 011 ) [ )\"—2# A A 0O 0 0 1 ( €11
099 A /\+2/L A 0 0 0 €929
033 _ A A A+ 2,u 0 0 0 £33 ' (441)
019 0 0 0 M 0 0 2812
0923 0 0 0 0 % 0 2523
Low ) | 0 0 0 00 ul | 24

No further reduction in the number of elastic constants is possible. The Lamé constants
A and g will be related to the more familiar engineering constants (Young’s modulus FE,
Poisson’s ratio v, and the shear modulus G) in the next chapter.

To determine the strain-stress equations (the inverse of the stress-strain equations) for
an isotropic material, we first use Eq. to obtain

since 0;; = 3 (the trace of the identity matrix). Then,

o
2/,651‘3‘ =045 — >\57,] (ﬁ) (443)
or
1 A
b= — |oy — ——owdii| - 4.44
= o |7~ oo (4.44)

5 Simplest Problems of Elastostatics

The momentum equation, Eq.|3.26f, reduces for statics problems to the equilibrium equation

Oijj = —pfi, (5-1)

since the acceleration term is zero. In the absence of body forces (e.g., gravity), the equilib-
rium equation is simply
0555 = 0. (52)
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Figure 24: Simple Shear.

5.1 Simple Shear

Consider the simple shearing deformation

Uy = ka,
Uy = O, (53)
us = 07

where k = tan 6 is an infinitesimal constant (Fig. . For this deformation, the displacement
gradient matrix u, ; is given by

(5.4)

(wiy) =

o O O
o o o
o O O

and the infinitesimal strain tensor e (which is the symmetric part of this matrix) is, from

Eq. [2.65,

0 k/2 0
e=|k/2 0 0]. (5.5)
0 0 0

For an isotropic material, we compute the stresses from the generalized Hooke’s law,
Eq. [4.40, where, for this shearing deformation, e, = 0. Thus, the stress field is given by

{ 012 = 021 = ,Uk7

oi; = 0 otherwise.

(5.6)

That is, there are only two nonzero components of stress. Since k = 215 = 715 is the
engineeering shear strain, 015 = 712, and the Lamé constant y is the shear modulus (usually
called G in engineering). Note that, since ;; = 0, there is no volume change for simple shear.

5.2 Simple Tension

Consider a uniform rod of length L and cross-sectional area A in simple tension, as shown
in Fig. 25 If the applied force F is applied uniformly over each end face, 0., = 0 = F/A,
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and the stress tensor o is given by

(5.7)

Q
I
o o 9
o O O
o O O

The strains are computed from the inverse form of Hooke’s law (Eq. [4.44)) for an isotropic
material, where o, = 0, and €15 = €93 = €37 = 0. That is, for an isotropic material, there
are no shear strains for this problem. The component of strain in the direction of the load is

1{ )\01 o Atu

R Y RS Wy P WD

(5.8)

The ratio of axial stress to axial strain for simple tension is defined as the Young’s modulus

E for the material:
g HBA+2p)

A+

E is also known as the modulus of elasticity. Thus, 11 = o /E.
From Eq. [4.44], we can also obtain the normal strains orthogonal to the direction of load:

1 A A
o N AN 5.10
2 3t 2u’ T 2 ) (5.10)

(5.9)

€92 = €33 =

where Eq.[5.8 was substituted. We now define Poisson’s ratio v as the negative of the ratio of

transverse strain to normal strain for the simple tension problem. Thus, with v = —e95/e13,
A

V= ———. 5.11

2(\ + 1) (5:11)

The negative sign is used in the definition of Poisson’s ratio since, for most materials, a
stretch in the loaded direction causes shrinkage in the transverse direction. Some materials
(e.g., cork) have a Poisson’s ratio near zero. A few materials have been developed with
negative Poisson’s ratio.

Note that, from Eq.[5.9, F can be written in the form

po At (

A+

ﬁ + 2) — w(2v +2) = 2u(1 + ). (5.12)

Thus, the relationship among the three elastic constants for an isotropic material is

E

C=r=saty

(5.13)
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where G is the symbol commonly used in engineering for the shear modulus. This equation
can also be viewed as the equation relating the Lamé constant p to the engineering constants

E and v.
To solve for the second Lamé constant in terms of the engineering constants, we solve

Eq. for A to obtain

2 E E
A= N - v . (5.14)
1-2v 14v 1-2v (1+4v)(1-2v)

To summarize, the Lamé constants are related to the engineering constants E (Young’s
modulus) and v (Poisson’s ratio) by

Ev E
= = — 1
AT M A (5.15)
or, inversely,
A+2 A
E:M’ A (5.16)
A+ 2+ )

The Lamé constant p is the shear modulus G.
Using these relationships, we can also write the generalized Hooke’s law in terms of the
engineering constants instead of the Lamé constants. If we substitute Egs. |5.15|into Hooke’s

law, Eq. we obtain
E v

Tt 12w
The inverse relationship (strain-stress) is obtained from Eq. 4.44} where

0ij Ekk5ij —+ €ij| - (517)

3Ev E  EGBv+1-2) E

3N+ 2u = = = 5.18
T AT T1rr (Gan(-2) 1-2 (5.18)
and \
v
= . 5.19
3N+2u 1+v ( )
Thus, from Eq. [4.44]
14+v v
5ij = E Oi5 — H_—yakk@-j (520)
or )
Cij = E[(l +v)oij — vowkdij). (5.21)
Eq. can be expanded to yield, for example,
1 o o o
E11 — E[(l + I/)Oll — V(Ull + 0929 + 0'33)] = % — I/% — I/%. (522)
Similarly, we can expand the other two normal strains to obtain
11 = E — V@ — l/% (523)



222 .24
c22 v E E v E’ (5.24)
011 0929 033
2 2
WETVTE TV TR (5:25)

which is the form of the strain-stress equations we would expect, given the definitions of F
and v.

It can be shown[I§] that, by substituting inverse Hooke’s law for an isotropic mate-
rial (Eq. into the compatibility equations for strain (Eq. , and making use of
the equilibrium equations with zero body force (¢;;; = 0), we would obtain the Beltrami
compatibility equations in terms of stress:

(1+v)V%0i + opij =0 (i,5=1,2,3). (5.26)

A more general form of these equations, known as the Beltrami-Michell equations (not shown
here), results if body forces are included in the equilibrium equations. Thus, if stresses are
proposed as the solution of an elasticity problem, those stresses must satisfy both equilibrium
and the compatibility equations, where compatibility can be checked either directly using
the Beltrami equations or indirectly by first using inverse Hooke’s law to convert stresses to
strains and then using the strain compatibility equations.

5.3 Uniform Compression

Consider the uniform displacement field u; = ex; for a body, in which case the displacement
gradient matrix is

(Uiﬂ') = =e=c¢cl (527)

oS O M
S o O
o O O

The dilatation, denoted A, is the volumetric strain AV/V given by

AV
Vv

From Hooke’s law for an isotropic material, Eq. 4.40|

A = Uiy = tr e = 3e. (528)

2 2

If —p denotes the mean normal stress,

then, for this problem,

2
— P =011 = 029 = 033 = <>\+§M) A. (531)
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We now define the bulk modulus (or modulus of compression) K as

2 E
p P a4l

R=AT avy 3" 3(1—2w)’

(5.32)

where the last equation follows from Eq. [5.18

Note that v > % implies K < 0. That is, a uniform positive pressure applied to a body
would result in an increase in volume, which is not possible (proved in §5.5). Hence, for
physically meaningful deformations,

v < (5.33)

1
7
The special case v = 1/2 implies an infinite bulk modulus, which means the material is
incompressible. Rubber is a material which is nearly incompressible.

From Eq. [5.29] the stress tensor for uniform compression can alternatively be expressed
as

2
Bulk moduli for a few common materials are shown in the following table:

Material Bulk modulus K

water 2.2 GPa
rubber 2.5
aluminum | 70

steel 160

diamond 620

The criterion for a solid material to be considered incompressible is that the ratio K/G is
large for the material, not having a large K relative to that of other materials. Thus, water is
sometimes treated as being incompressible, but steel never is. Rubber is generally considered
incompressible. It can be shown that, for water, K = pc?, where p is the density, and c is the
speed of sound. For isotropic solid materials, K is related to the other elastic constants by

Eq. 532

5.4 Stress and Strain Deviators

Earlier in this chapter, we considered simple shear, which involved a shape change but no
volume change, and uniform compression, which involved a volume change but no shape
change. In simple shear, the stress field is given by o0;; = 2pu€;;, where €17 = €99 = €33 = 0
and €;; = u;; = 0 (no volume change). In uniform compression, o;; = Key,d;;, where € = €I
(no change in shape). The uniform compression problem is sometimes called hydrostatic
COMPTESSLON OT 1S0tropic compression.

We wish to show here that any general deformation can be represented as the sum of
a pure shear and a hydrostatic compression. For a general deformation, the strain can be

written in the form . .
Cij = (%‘ - §5kk5ij> + gﬁkk5ij, (5.35)
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where the last term has been both subtracted and added. However, the expression in paren-
theses represents a simple shear, because its trace (the sum of the diagonal terms) is zero.
The second term is a hydrostatic compression.

If we define the deviatoric strain (or strain deviator) as

1

€ij = 5ij — ggkk(sij; (536)
then any general strain can be written as
1
€ij = €5 + §€kk5ij, (5.37)

where the first term is the deviatoric strain, and the second term is the isotropic strain. Note
that the trace e; of the deviatoric strain vanishes, as required for pure shear.

Similarly, any stress field can be represented as the sum of pure shear and hydrostatic
compression components:

1
Oij = Sij T gakkéij = Sij — P0ij, (5.38)
where the first term is the deviatoric stress (or stress deviator) defined as
1
Sij = 045 — §Ukk5z’j, (539)

and the second term (—pd;;) is the isotropic part of the stress, with p the pressure. Note
that the trace s;; of the deviatoric stress vanishes.

We can use Hooke’s law for an isotropic material, Eq. [£.40] to relate the deviatoric and
isotropic parts of stress and strain to each other:

1
Sij — p5ij = )\&Tkkéij + 2,u (Gi]’ + g‘gkkéij) . (540)

Since the traces of the deviatoric stress and strain tensors vanish, we can contract this
equation (i.e., set i = j) to obtain

— 3p = 3)epk + 2uepr = (3)\ + 2N>5kk; (541)
or 9
—p= ()\ + g/i) Ekk — K&kk. (542)

This last result establishes the relationship between the isotropic parts of stress and strain.
To determine the relationship between the deviatoric parts of stress and strain, we sub-

stitute Eq. into Eq. to obtain

2 1
Sij + ()\ + g,u) skkéij = Agkkéij + 2;1 (Gij + ggkkcsij) s (543)

where, after cancellation, we are left with

Sii = 2U€;;. 5.44
J HEqj (
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Thus, for an isotropic material, Hooke’s law, Eq. [£.40] can be written in the equivalent
form
Sij = 2/1€i; (
5.45)
{ 305 = Kepg,

where s;; and e;; are the deviatoric (pure shear) components of stress and strain, respectively.

5.5 Stable Reference States
We recall the strain energy density defined in Eq. as

1 1
w = §Uij5ij = §Cijkl€ij€kl- (546)

We can write w in terms of the deviatoric and isotropic components as

1 1 1
w = 5 <Sij + gakk&j) (eij + 58”52']‘) (547)
] T S owen + 2o + (5.48)
— 9 Sij€ij 30kk€zz 35k’k37,7, 30kk€ll ) .

where 0;;0,; = 0;; = 3. The second and third terms of this expression vanish, since the trace
e;; of deviatoric strain and trace s;; of deviatoric stress both vanish. Thus,

1 1/1
w = 581']'61']' -+ 5 (gO’kk> cu- (549)

This result is applicable for anisotropic materials. For an isotropic material, Eq. implies

1
W = [e€;;€4; + §K(€ii)2a (550)
where the contributions to w from deviatoric strain and isotropic strain uncouple.
We now define a reference state as stable if the strain energy density w > 0 for all € # 0.
That is, the work required to strain a body is positive. Thus, for a stable reference state,

2w = Cijki€ij€kl > 0 (8 7& 0), (551)

or ¢;jp is positive definite (where we have generalized the definition of positive definiteness
given at the end of for tensors of rank 2).

Consider, in particular, an isotropic material, where the strain energy density is given by
Eq. For a pure expansion, for which the deviatoric strain e;; = 0, w > 0 implies K > 0.
Also, for pure shear, for which the volumetric strain ; = 0, w > 0 implies u > 0. Thus, a
necessary and sufficient condition for a stable reference state for an isotropic material is

K >0, p>0. (5.52)

Positive values for these two material constants also imply restrictions on F and v, as
shown in the table below:
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2u=E/(1+v)>0(Eq[p.13) | 3K = B/(1 - 2v) > 0 (Eq.]5.32)
E>0andv > -1 E>Oandy<%
or F<0Oand v < -1 orE<Oandu>%

Since the two sides of the second row above are inconsistent, only the first row is possible.
Thus, for stability for isotropic materials,

1
E>0 —-1<v< 3 (5.53)

6 Boundary Value Problems in Elastostatics

We start by summarizing the basic equations of static elasticity:

oij;+pfi =0 (equilibrium equations)

Tij = Cijki€ki (Hooke’s law)

Cij = %(U” +u;;) (strain-displacement equations)
li = oijn; (traction boundary conditions)

Since Hooke’s law can be written in the form

Oij = Cijkl §(ukl + Urk) = Cijritig, (6.1)

the equilibrium equations can be written as
(Cijmury) j +pfi=0 (i=1,2,3). (6.2)

This coupled system of three partial differential equations is called the Navier equations of
elasticity. The unknowns in this system are the three Cartesian components of displacement.
These equations are applicable for anisotropic materials.

For isotropic materials, Hooke’s law is given by Eq. [£.40}

Uij = A&kkéij -+ 2,u62-j = )\Uk,k(sij + M(Um’ + Uj’i). (63)
We differentiate to obtain
Oijg = M gOij + oty + wji5) = Miggs + (i gy + ;) = p g5 + (A + p)ugge,  (6.4)

where we have assumed that the material is also homogeneous (since, otherwise, the material
constants A and p would be position-dependent and would have to be differentiated). A
homogeneous material is one whose properties are independent of position. Thus, the Navier
equations for an isotropic homogeneous material are

HU; 5 + ()\ + ,U)Uj,ji + pfz =0 (Z = 1, 2, 3) (65)

The goal of a boundary value problem in elasticity is to determine the distribution of
stress and the displacements in the interior of an elastic body in equilibrium when there
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Figure 26: Surfaces for Boundary Value Problem.

are specified (a) boundary displacements, (b) boundary tractions, or (c) a combination of
boundary displacements and tractions.

Consider the surface S of a body consisting of a part .S, on which displacements u; are
specified and a part S; on which tractions t; = o;;n; are specified (Fig. . In a displacement
problem, S = §,, and S; is empty. In a traction problem, S = S;, and S, is empty. In a
mixed problem, S = S, US;, where S, NS, = (. S, and S; need not be contiguous.

It turns out that the displacement and mixed problems are well-posed (i.e., the solution
exists and is unique), but the traction problem is not well-posed. The non-uniqueness which
exists for the traction problem is that a rigid body rotation and displacement can be super-
posed on any displacement solution to get another solution. Since stresses are determined
from displacement gradients, the stress solution in a traction problem is unique.

6.1 Uniqueness

In a displacement boundary value problem, it is desired to find the vector field u satisfying
the system
(Cijrury) ;= —pfi iV,
e 6.6
{ u; =U; on S, (6.6)

where S is the surface of the closed volume V| and Uj is the vector of prescribed displacements
on the boundary. That is, this system of partial differential equations must hold at all points
interior to the volume V', and the displacement boundary condition must hold at all points
on the surface S.

We define a boundary value problem as homogeneous if every term of both the partial
differential equation and the boundary condition is proportional to the unknown solution
u;. Otherwise the boundary value problem is nonhomogeneous. The above system, Eq. [6.6]
is nonhomogeneous. This use of the word “homogeneous” has nothing to do with its use in
describing material properties.

We seek to prove that Eq. has a unique solution. Assume that the solution is not
unique, and there is another solution v;. The second solution v would also satisfy Eq.

(Cijklvk,l>,j =—pfi inV,
{ v; =U; onS. (67)

If we subtract the boundary value problems for u and v, we obtain the boundary value
problem which must be satisfied by the difference solution w; = u; — v;:

{ (cijklu?k,l),j = 0 in V,
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Notice that this problem is the homogeneous problem corresponding to the original non-
homogeneous problem, Eq. 6.6, That is, the two nonhomogeneous terms —pf; and U; are
missing from Eq. This problem, like all homogeneous problems, is satisfied by the trivial
solution w; = 0. If w; = 0 is the only solution of Eq. the original nonhomogeneous
problem would have a unique solution. Thus, proving that a nonhomogeneous linear bound-
ary value problem has a unique solution is equivalent to proving that the corresponding
homogeneous problem has a unique solution.

That is, to prove uniqueness for the original nonhomogeneous problem, it suffices to show
that u; = 0 is the only solution of

(Cijmugy) ;=0 inV,
o 6.9
{ u; =0 on S. (6.9)
Eq. implies that

0= / ui(cijriugy) j AV = / [(wicijrun),j — Cijrsjur] AV (6.10)

v v
= ]{ uicijkluk’mj dS — / cijklsijskl dV (611)

s v

S \%4

—j{uiti dS—/ 2wdV = —/ 2w dV, (6.13)
s 14 v

where Eq. follows from the divergence theorem, and the last equation follows since
u; = 0 on S. (This conversion above of a single volume integral into the difference of a surface
integral and another volume integral is the three-dimensional equivalent of integration by
parts. The surface integral is the “boundary” term.) Hence,

/ wdV = 0. (6.14)
\%

However, for a stable reference state, w > 0 for € # 0, so that
/de>0 for e # 0. (6.15)
v

Thus, Eq. implies € = 0 or ¢;; = 0 at all points in V. However, zero strain implies a
deformation consisting only of a rigid body rotation and translation:

U; = Wi T + C;, (616)

where w;; and ¢; are constants. Since u; = 0 everywhere on the boundary S, it follows that
wij = 0 and ¢; = 0. Hence, u; = 0 in V/, and uniqueness is proved.

Note that, to prove uniqueness, we assumed that the strain energy density w was positive
definite, but we did not assume that the material was either isotropic or homogeneous. That
is, the elastic constants c;jz; can be position-dependent.

57



6.2 Uniqueness for the Traction Problem

In a traction boundary value problem, it is desired to find the vector field u satisfying the
system
g = —pf, inV.
{ (Cijritn,) pfi inV, (6.17)
0Ny = tz on S,

where S is the surface of the closed volume V', and ¢; is the vector of prescribed tractions
on the boundary. That is, the partial differential equation must hold at all points interior to
the volume V', and the traction boundary condition must hold at all points on the surface
S.

As we saw in the preceding section, uniqueness for this problem is equivalent to having
uniqueness for the corresponding homogeneous problem:

{ (cijklukl),j = O n ‘/,

0N = 0 ondS.

(6.18)

We proceed here in exactly the same way as in the preceding section. Eq. implies that

/ ui(cijkluk,l),j dV = O, (619)
1%

which leads to
/ wdV =0, (6.20)
1%

where w is the strain energy density. Since w is positive definite, w = 0, and € = 0. Hence,
the displacement field must be, at most, a rigid body rotation and translation:

U; = Wiy + ¢, (621)

where w;; and ¢; are constants. In the displacement problem, the requirement that u; vanish
on the boundary implied w;; = 0 and ¢; = 0. However, in the traction problem, there is no
such requirement. Indeed, in general, w;; # 0 and ¢; # 0. Thus, the displacements are not
unique; there can be an arbitrary rigid body motion and still satisfy all traction boundary
conditions. However, since the strain tensor ¢;; = 0 (for the homogeneous problem), the
strains and stresses are unique.

6.3 Uniqueness for the Mixed Problem

In the mixed problem, the displacements are specified on part of the boundary, and the
tractions are specified on the rest of the boundary. At every point of the boundary, either
the displacements or the tractions must be specified. In fact, since u and t are both vectors,
it is also possible that, at a given point on the boundary, some components of displacement
are specified, and the other components of traction are specified.

Uniqueness for the mixed problem follows immediately from Eq. [6.13] since, if either w;
or t; vanishes on S, w = 0. That is, in Eq. [6.13] the surface integral can be expanded to

yield
S Su St
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Figure 27: Torsion of Circular Shaft.

where u; = 0 on S,, and t; = 0 on S;. Moreover, since
U,th = Ultl + Ugtg + U3t37 (623)

the integrals could be further subdivided component by component.
To complete the uniqueness proof, w = 0 implies € = 0, and, hence, the displacements
must be, at most, a rigid body rotation and translation:

U; = Wiy + ¢, (624)

where w;; and ¢; are constants. However, since the displacements must vanish on part of the
boundary (S,,), the displacements must vanish identically throughout V', and uniqueness is
proved.

7 Torsion

7.1 Circular Shaft

Consider a circular shaft of length L which is fixed at one end (the fixed base z = 0) and
subjected at the other end (z = L) to a set of shear forces which are statically equivalent
to a torque (Fig. . In general, “statically equivalent” means “same resultant force and
moment.” Rather than specify the tractions at z = L precisely, we wish instead to propose a
displacement field (solution), and see if all required equations are satisfied and if the resulting
surface tractions and body forces are reasonable.

We assume that plane sections perpendicular to the z-axis remain plane. Let v denote the
(infinitesimal) angle of twist per unit length. Consider a typical cross-section parallel to the
xy-plane. A point P in that cross-section rotates slightly in the counter-clockwise direction
by an infinitesimal amount 0 (Fig. . The z and y components of the displacement of P
are

u; = —rfsin 8 = (—rb)(y/r) = =0y,
us = rfcos B = (rf)(x/r) = Ox,

where, for uniform twist, § = az.

(7.1)
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Figure 28: Geometry of Torsional Rotation.

Thus, the displacement field is

U = —ayz,
Uy = a2, (7.2)
us = 07

from which it follows that the displacement gradient matrix is

0 —az —ay
(wij)=|az 0 ax |, (7.3)
0 0 0

and the infinitesimal strain tensor & (which is the symmetric part of this matrix) is, from

Eq. 2.65,

0 0 —ay 0 0 —y
1 «
—ay ar 0 —y x 0

If we assume an isotropic material, Hooke’s law, Eq. [£.40] applies:
Oij = /\5kk6ij + 2,UJ€ij, (75)

where, for this deformation, ex; = 0 (no volume change). Hence, the stress tensor is

0 0 —y
o = ua 00 =z|. (7.6)
-y z 0

In particular, the tractions on the top face of the shaft are given by the vector
o3 = pa(—y, x,0), (7.7)

where we note that the vector (—y, z,0) is orthogonal to the vector (x,y,0). Since the latter
vector is a radial vector, the vector of tractions on the top face is everywhere orthogonal
to a radial vector; i.e., the tractions on the top face have rotational symmetry, a desirable
characteristic for the tractions in a torsion problem (Fig. . In addition, this shear stress
is proportional to the distance r from the center of the shaft. Thus, we could alternatively
write the shear stress on the top face in the polar form

0.0 = pQr. (7.8)
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Figure 29: Rotational Symmetry of Shear Stress.

Another requirement for the tractions in a torsion problem is that they vanish on the
side of the shaft. Since the unit normal n on the side is

n— (% %, o) , (7.9)

where R is the radius of the shaft, the traction vector on the side is given by

o 0 —y T 0
t=on= % x y p=12 0 ;. (7.10)
—y x 0 0 0

Thus, the surface tractions on the side vanish, as required.
We also must check that the equilibrium equations are satisfied:

0ij5 pfi=0. (7.11)

Here, 01;; = 09;; = 03i; = 0. Hence, the equilibrium equations are satisfied, and the
body forces also vanish. The strain compatiblity equations are automatically satisfied, since
displacements, not strains, were originally proposed.

We therefore conclude that the original deformation can be supported by surface tractions
alone, and we have a solution of the torsion problem for a circular shaft.

It is of interest to determine the relationship between the twisting moment (torque) and
«, the angle of twist per unit length. The moment M at any cross-section can be obtained
by integrating the moment of the shear stress o,y over the cross-sectional area:

M = //razgrdrdG, (7.12)

where r is the moment arm, dA = r dr df, and, from Eq.[7.8] 0.9 = par. Consequently,
27 R R4 T
M = / / ruarr dr df = po - i 21 = M§R4o¢. (7.13)
o Jo

This moment can also be expressed in terms of the polar moment of inertia for a circle,

I = gR‘*, (7.14)
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Figure 30: Torsion of Noncircular Shaft.

which we denote with [ rather than .J, since we want to reserve the symbol J for the torsional
constant for non-circular shafts. For circular shafts, J = I. Thus,

M = pla = Gla, (7.15)

where 1 = (G is the shear modulus. We note that this solution is identical to that obtained
in elementary mechanics of materials[15]:

ML
0 = TG (7.16)
where M is the applied torque, and o« = 60/ L.

The method of solution for this problem is an example of the semi-inverse method of
solution, in which the problem is attacked from several different sides simultaneously, with
some assumptions concerning stresses and displacements, but with enough freedom to satisfy
all the required conditions. Given an answer which satisfies all the equations, uniqueness
implies that the solution derived is correct and unique.

7.2 Noncircular Shaft

We consider now the torsion of a shaft of noncircular cross-section. If we apply the same
approach that was used for circular cross-sections, all the equations are unchanged up to the
point where we computed the tractions on the side of the shaft. For the noncircular shaft,
the unit outward normal n at a point on the boundary is the general normal (Fig.

n-— (nl,ng,O). (717)

Thus, from Eq. the traction vector on the side is given by

0 0 —y ni 0
t=on=pa| 0 0 = Ny p = Ho 0 : (7.18)
-y z 0 0 —yny + TNy

where, in general, t3 # 0. Moreover, at some points, t3 > 0; at other points, t3 < 0 (Fig. .

Since the requirement for zero tractions on the side of the shaft is not satisfied, we must
start again to solve this problem. Our basic assumption was that plane sections remain
plane. Perhaps this assumption needs to be relaxed, particularly in view of the fact that
positive and negative tractions must be applied to the side to enforce this assumption.
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Figure 31: Tractions on Side of Noncircular Shaft.

Thus, similar to Eq. we now propose the displacement field

U = —ayz,
Uy = axz, (7.19)
U = Ong(l’, y)a

where we now allow the cross-section to “warp” in the z direction, and ¢(z,y) is called the
warping function. This function will have to be determined as part of the problem solution.
The displacement gradient matrix is then

0 —az —ay
(wij)=1| az 0 ax |, (7.20)
O‘(b,r a¢,y 0
where we use the notation 96 96
= =, = —. 7.21
¢, 81‘ ¢,y ay ( )

The infinitesimal strain tensor € (which is the symmetric part of the displacement gradient

matrix) is, from Eq. [2.65]

0 0 ¢,$ -y
0 0 byt |- (7.22)

gb,x ') ¢,y +x O
If we assume an isotropic material, Hooke’s law, Eq. |4.40l applies:

a
€=—

Oy = )\Ekk(sij + 2#52‘]‘, (723)
where, for this deformation, eg; = 0 (no volume change). Hence, the stress tensor is
0 0 (b,x -y
o = 0 0 byt |- (7.24)

¢,x_y ¢,y+x 0

In particular, the tractions on the top face of the shaft, where the unit normal n = (0,0, 1),
are given by the vector
Qb,z -y
t=on=pa{ ¢,+z p, (7.25)
0
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which lies in the zy-plane. On the side of the shaft, where the normal n = (ng,ns,0), the
vector of surface tractions is

0
t=on=_pa 0 . (7.26)
(@0 —y)n1 + (¢y + )12

Since we require t = 0 on the side, we can view the equation t3 = 0 as a boundary condition
on ¢. That is, we must choose ¢ in such a way that

¢ zn1 + @ yng = My — nar, (7.27)

where the left-hand side is given by

0
(b,znl + ¢7yn2 — ¢,ini = V(Zﬁ n= a—i (728)
Thus, ¢ must satisfy the condition
0
a—z = N1y — Nal. (7.29)

We also require that the equilibrium equations (with zero body force) be satisfied:

Oij5 = 0. (730)
From Eq.[7.24]
Olii = 0,
02 = 0, (7.31)

031 = (D gz + D yy)-

Thus, to satisfy equilibrium,
Gaw+ Gyy =0 or V¢ =0. (7.32)

That is, the warping function must satisfy the 2-D Laplace equation, solutions of which are
said to be harmonic functions.

To summarize, solving the torsion problem for noncircular shafts reduces to solving the
two-dimensional boundary value problem

V=0 in A,

9¢ (7.33)
— =my —ngx on C,

on

as illustrated in Fig. |32 This problem is called a Neumann problem, since the boundary
condition involves only the normal derivative of the unknown ¢. As we will see in the next
section, such problems have a unique solution only up to an arbitrary additive constant.
(Partial differential equations whose boundary conditions specify the value of the unknown
function rather than the gradient of the unknown function are known as Dirichlet problems.)
Laplace’s equation is an elliptic partial differential equation.
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Figure 32: Warping Function Boundary Value Problem.

Figure 33: Calculation of End Moment in Torsion Problem.

We now compute the resultant force and moment on the top of the shaft. From Eq.[7.25]
the resultant force in the x direction is

0 0
Fo=pa [ (6 —y)dd=pa [ {2y o)+ S ltaronlfda (13
A A ox 3y
where the second equation follows since the integrand in braces can be expanded to obtain

Y+t Qe+ TQur + Ty =P —y+ x((b,m + ¢7yy> =0z —Y. (7'35)

Since the integrand in Eq. is in the form of the divergence of a vector field, we use the
divergence theorem to obtain

Fo =i § [ua(oy + 0) + maala +0,)) s

= ,ua]g zni(—y + ¢.) +ne(z + ¢,)] ds =0, (7.36)
c

where the expression in brackets vanishes according to the boundary condition, Eq. [7.27]
The two-dimensional form of the divergence theorem was used to obtain this result:

/v-fdA:j{f-nds, (7.37)
A C

where f is a vector field defined over the two-dimensional area A bounded by the closed
curve C. Similarly, F, = 0, where Fj, is the resultant force in the y direction.
The resultant moment on the top of the shaft is given by (Fig.

M = /(tgx —tiy)dA (7.38)
= o [ (6 +a)o = (6= 9] 44 (7.39)
=y [ 16 +4) + 6,0 = Gl dA, (7.40)
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where

I= /(x2 +y?)dA (7.41)
A
is the polar moment of inertia. Thus,
M = ua ]+/ x% —y% dA| = pa, (7.42)
A 8y al‘

where we define the torsional constant J as

- oo 09
J—I+/ <xa—y—yax) dA. (7.43)

Note that, for a circular section, the warping function ¢ = 0, J = I, and M = pal. J
depends only on the geometry of the cross-section.
An alternative formula for J can also be derived. From the last equation,

1-1= [0y - omar= [ | on - Jen]aa (7.44)
= j{C(¢xn2 — ¢yny)ds = %C(xng —yny)ods, (7.45)

where the area integral is transformed into a contour integral using the two-dimensional form
of the divergence theorem. Then, from Eq. [7.33p,

| ods—— § oVonds = § oomds=— [(o:d4. (0

where the last equation follows from the two-dimensional form of the divergence theorem.
This integrand can be expanded to yield

J-T=- /A (616 + bb5) dA = — /A Vo - VédA, (7.47)

J—1I=—

where ¢ ;; = V2¢ = 0. Thus, an alternative expression for the torsional constant .J is

J=1- / V- VédA. (7.48)
A

7.3 Uniqueness of Warping Function in Torsion Problem

The boundary value problem satisfied by the warping function ¢ in the torsion problem is

V2 =0 in A,

9¢ (7.49)
— =mn1y —ngx on C.

on

As we saw in §6.1] uniqueness for this linear nonhomogeneous problem is equivalent to having
uniqueness for the corresponding homogeneous problem

V=0 in A,
agb 0 oncC. (7.50)
on
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That is, the difference of two solutions ¢; — ¢ of the nonhomogeneous problem satisfies the
homogeneous problem.
Since ¢ satisfies Laplace’s equation (¢ = 0), it follows that

0= /A¢¢’M dA = /A[((w’i)’i — ¢ip)dA = ji(bqimi ds —AV¢-V¢dA, (7.51)

where ¢ ;n; = V¢ -n = 0¢/0n = 0 from the boundary condition. Thus,

/ |Vo|* dA = 0, (7.52)
A

which implies V¢ = 0 and hence ¢ = constant. That is, two solutions ¢; and ¢ of the
nonhomogeneous problem can differ, at most, by a constant. Since the z displacement is
proportional to the warping function, the nonuniqueness is equivalent to a translation in the
z direction.

7.4 Existence of Warping Function in Torsion Problem

The boundary value problem satisfied by the warping function ¢ in the torsion problem is

Vi =0 in A,
9¢ (7.53)
— =mn1y —ngx on C.
on
Since ¢ satisfies Laplace’s equation, it follows that
0
oz/v%dA:/v-wdA:]{v¢-nds:7{ 90 4s. (7.54)
A A c c on

That is, for a solution ¢ to exist, the integral of the boundary data must vanish. This is a
necessary condition for existence. For the torsion problem, from Eq. [7.53b,

99 g — ]i (n1y — noar) ds — /A {%(g/) + %(—x)} dA =0, (7.55)

C@n

as required, where the divergence theorem enabled us to transform the contour integral to
an area integral. It is beginning to look as if a solution to the torsion problem exists.

Since the temperature field in a steady-state heat conduction problem also satisfies
Laplace’s equation, the boundary value problem satisfied by the warping function is sim-
ilar to that satisfied by the temperature in a steady-state heat conduction problem where
only heat flux boundary conditions are specified. Thus, the necessary condition

oo
fé% ds =0 (7.56)

for Eq. to have a solution is analogous to requiring that the net heat flux across the
boundary is zero in the heat transfer problem. That is, in the heat conduction problem
where only heat flux boundary conditions are specified, a necessary condition for a steady-
state solution to exist is that the net heat flux crossing the boundary is zero. A nonzero
net heat flux would correspond physically to a net addition or subtraction of energy to the
system, thus precluding steady-state temperatures.
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Figure 34: Finite Difference Grid on Rectangular Domain.

7.5 Some Properties of Harmonic Functions

Functions which satisfy Laplace’s equation are said to be harmonic functions. Harmonic
functions have two properties of interest:

1. A function which is harmonic inside a circular domain has a value at the center of the
circle equal to the average of the values around the circle.

2. A harmonic function achieves it extreme values (maximum and minimum) on the
boundary.

The first of these properties is clearly seen physically in steady-state heat conduction on a
thin circular plate with a prescribed nonuniform boundary temperature, a problem for which
the temperature satisfies Laplace’s equation. Since all boundary points would have equal
influence on the center point, the temperature at the center point must equal the average of
the boundary temperatures.

There is also an interesting numerical analogue to the average value property of harmonic
functions. If Laplace’s equation is approximated numerically using central finite differences
on the same uniform mesh in each direction (Fig. , the solution at a typical point (i, j) is
the average of the four neighboring points:

Gij = (Pic1j + Givrj + Pijo1 + Pijr1)/4 (7.57)

This property can be used as the basis for a numerical solution using either direct or iterative
approaches.

7.6 Prandtl Stress Function for Torsion

The torsion problem can also be formulated and solved in terms of a stress function, a
potential function which, when differentiated, yields the stresses of interest. We recall from
Eq. that the stress tensor in the torsion problem is

0 0 (b,z )
o = 0 0 byt |, (7.58)

¢7x_y ¢,y+w 0
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where ¢ is the warping function. The only stress components of interest are 0., and oy,
which must satisfy the equilibrium equation

Orwn + Ozyy = 0. (7.59)

We now define a stress function (x,y) such that

Oe =WV, Oy = —Vp. (7.60)
With this definition of v, the equilibrium equation is automatically satisfied, since
Oz, + Ozyy = ¢,y$ - ¢,xy =0. (761)

Also, from Eq. the stresses of interest are given by

Oz = ﬂa(¢x - ?/) = ¢y7
’ ’ 7.62
{ Oy = by +x) = =g ( )

We can eliminate ¢ from these equations by differentiating the first equation with respect
to y, the second equation with respect to z, and subtracting the two results:

Vgw + 0y = pa(=¢ye — 1+ ¢y — 1) = —2p0. (7.63)
Thus, the stress function v (z,y) satisfies the 2-D Poisson equation
V) = —2pa. (7.64)

To determine the boundary condition on 1, consider the curves ¢ (z,y) = constant. We
can differentiate with respect to x to obtain

i Z—Z% _o, (7.65)
which implies that the tangent to the curve 1) = constant has slope
oY
Z—i - _g& - Zi (7.66)
Thus, we can define the tangent vector to the curve ¢ = constant as
T = 0.6, + 0.y€y. (7.67)

On the other hand, the requirement for zero shear stress on the side of the shaft implies
0=t3=0.4ny +0,n, =T -n. (7.68)

That is, the curve ¢y = constant is perpendicular to the normal n on the boundary or,
equivalently, the boundary is a curve 1) = constant. Since 9 is a potential function (since
the stresses are derivatives of 1), a constant shift of ) would not affect the stresses. Thus,
for convenience, we choose 1) = 0 on the boundary.
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Figure 35: Stress Trajectories.

To summarize, the torsion problem requires solving Poisson’s equation in the cross-section
subject to a Dirichlet boundary condition:

2 _ . _ .
V* = —2ua in cross-section, (7.69)
¥ =0 on boundary,
where o0 0
Uzzza—y, O'Zy:—a—x. (770)
Note that o0 o0
V'l?b = %ex + a_yey = —0y€g + 0 20€y, (771)
from which it follows that
Vi - T = —0,y0.4 + 0,40, = 0. (7.72)

That is, the stress function v changes fastest in the direction perpendicular to the curves
1 = constant. The ¢ = constant curves (for different values of the constant) are called stress

trajectories (Fig. [B5).
To compute the torque (end moment) M at the top of the shaft, we recall Eq. and

Fig. B3}
M = /A(tZ-T - tly) dA = /A(Uzyz - szy) dA = — /j;(lﬁ};ﬁﬂ + wyy) dA. (773)

The first term of this last integral can be written in the form

_/Aw’xdi: _/ {/x?—i dx] dy, (7.74)

the inner integral of which can be integrated by parts. Since
d(uwv) = (du)v + u(dv), (7.75)

integration by parts states that

/abudv = (uw)

where the first term of the right-hand side is the boundary term. Thus, in Eq.[7.74] we make
the associations
N
= —dx

or '

b b
- / vdu, (7.76)

a

u=uz, dv (7.77)
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Figure 36: Elliptical Cylinder.

_/A%di:_/ [w f_/q/;dx} dy:/AwdA, (7.78)

where the boundary term vanishes since 1) = 0 on the boundary. Similarly, we can show
that the second term in Eq. is also given by

/AwdA.

Thus, the end moment (torque) is given by

to obtain

M = 2/ Y dA. (7.79)
A
Since, from Eq. [7.42]
M = padd, (7.80)
where J is the torsional constant, J can be expressed in terms of the stress function as
2
J=— [ YdA. (7.81)
M J A

7.7 Torsion of Elliptical Cylinder

Consider the ellipse (Fig. with semi-axes a and b in the x and y directions, respectively:

2 2
x Yy
— T o 1. (7.82)
For torsion of a few cases where the boundary is a simple geometrical shape, closed form
analytical solutions of the torsion equation can be obtained directly from the equation of the

boundary. We attempt to find a stress function in the form

2 2
oo (x +Z_2_1) (7.83)

where ¢ is an unknown constant, and ¥y = 0 on the boundary, as required. Since i must
satisfy Poisson’s equation,

82 02 2 2
V) — 1/) . 5 7720 —¢c (? + b—2> = —2ua. (7.84)
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Thus,
1 1
c=—pa/ (—2 + b_2) (7.85)

a
and 2p2 2 2
paa x Y
=2 (1-= -2 ). :
) (750
The torsional constant J is given by Eq. as
2a%b? 2 P 2a%b? I, I
a2+b2/A< a? b2) a2+62( a? bQ)’ (7.87)

where A is the area of the elliptical cross-section, and I, and I, are the area moments of
inertia of the cross-section with respect to the y and x axes, respectively, and

A=rab, I, = / 22dA = "pa?, I, = / g2 dA = Zab®. (7.88)
A 4 A 4
Hence,
2a%b? T T wa’b?
m <7Tab — Zb& — ZGb) a2 T b2 (789)

We compute the shear stresses from Eq. as

0 2p? (-2 2uaa®
g, = Q¥ _pad’bt (Z2y)  2paaty (7.90)
dy  a?>+0b%* \ b? a? + b?
0 — 2p? (2 2ualb?
o, = 00 _ paa ) I iy (7.91)
ox a? + b? a? a? + b2
These expressions imply that the maximum shear stresses occur on the boundary:
2uaab
Oz s = Oz b = _a2 T b2a7 (792)
2uaab
O e = T T 202 (7.93)

If a > b, the maximum shear stress occurs at the point (0,b). That is, for this case, the
maximum shear stress occurs at the closest boundary point. In general, for other shapes, it
can be shown that, if the boundary of the shaft is convex, the maximum shear occurs at the
boundary point which is closest to the centroid of the cross-section.

7.8 Torsion of Rectangular Bars: Warping Function

The torsion problem for a rectangular bar can be solved in terms of either the warping
function or the stress function. We first consider a warping function approach for solving
the torsion problem for rectangular bars. Consider the rectangle of sides 2a and 2b in the x
and y directions, respectively (Fig. . From Eq. , the warping function for this problem
satisfies the boundary value problem
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Figure 37: Torsion of Rectangular Bar.

X

(

Vip=0 (—ra<x<a, —b<y<b),
99 _ 09 _ onxr=a
_ 99 _ _
o B Y omr=-o (7.94)
%—%——x ony=~o
on Oy y=u
%——%—x ony=—b
L on Oy v

We observe from Fig. [37] that the boundary conditions on x = 4a are odd functions of
y. Also, the boundary conditions on y = +b are odd functions of x. Moreover, a mirror
image reflection of the problem through the y-axis yields a new problem whose solution is the
negative of the original problem. Similarly, a mirror image reflection of the problem through
the z-axis yields a new problem whose solution is the negative of the original problem. Thus,
the solution of Eq. must be antisymmetric in both x and y, in which case an equivalent
boundary value problem can be defined on the domain 0 < z < a, 0 <y < b (Fig. :

(

Vip=0 (0<z<a, 0<y<b),

=0 onx=0 and y =0,

%_%_ o (7.95)
(9n_8x_y onE=4a
@—%——x ony==>

\ﬁn_ﬁy— y=o

This problem, which has nonhomogeneous boundary conditions on adjacent boundaries,
can be simplified somewhat by transforming to a new variable w such that[22]

o(z,y) = vy — w(x,y), (7.96)

where

%_ ow %_ ow
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Figure 38: Torsion of Rectangular Bar Using Symmetry.

Y (Z—w:2x
b Y
w=0 V2w =0 a—w:O
ox
e
w=~0 a

Figure 39: Torsion of Rectangular Bar Using Transformed Variable.

Thus, the boundary value problem satisfied by w is

Vw=0 (0<z<a, 0<y<b),

w=0 onx=0 and y =0,
w (7.98)

as illustrated in Fig. |39

We attempt a solution of Eq. using the technique of separation of variables, and
look for solutions of the form

wie,y) = X(@)Y (). (799
The substitution of this equation into Eq. leads to

X"Y + XY" =0 (7.100)

or
X'(z) _ Y"(y)
X(x) Y(y)’
implying that, for all x and y, a function of z is equal to a function of y. Thus, each function
must be a constant:

(7.101)

X//(.I) B Y”(y)

X(z) Y(y)

where the constant A? is referred to as the separation constant. The constant is taken as
negative, since otherwise we would be unable to satisfy the boundary conditions.

= -\ (7.102)
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Eq. thus separates into two ordinary differential equations

X"+ XX =0,
{ V' 2y — 0 (7.103)
the general solutions of which are
X(z) :As‘in)\x+BCOS)\x, (7.104)
Y (y) = C'sinh Ay + D cosh Ay,

where A, B, C, and D are constants. However, since X (z) and Y (y) must be odd functions
(as implied also by the zero boundary conditions X (0) = 0 and Y (0) = 0), if follows that
B=D=0.

The boundary condition, Eq. [7.98k, implies

0= X'(a) = A\ cos \a. (7.105)

Thus, either A =0 or A = \,,, where
Apa = (2n—1)g, n=1,2,3,.... (7.106)

We discard the case A = 0, since Eq. (with A = 0) and the boundary conditions
X(0) =0and X'(a) = 0imply X (x) = 0 for this case. Thus, from Eq. the solution must
be of the form sin A,z sinh A\,y. Since functions of this type satisfy the partial differential
equation and the three homogeneous boundary conditions for all n, the most general form
of the solution is obtained by taking a linear combination of these functions:

w(zr,y) = Z A, sin A,z sinh \,y. (7.107)

n=1

This series satisfies the partial differential equation (V2w = 0) and the three homogeneous
boundary conditions. If we can force the series to satisfy the nonhomogeneous boundary
condition on y = b, then we have solved the problem, Eq. [7.98] since it is well-posed.
Well-posed means that the solution exists, is unique, and depends continuously on the data
(the various parameters of the problem, including geometry, material properties, boundary
conditions, and initial conditions, if any).

The boundary condition at y = b implies

20 = Z A\, sin A,z cosh \,,b. (7.108)

n=1

If we now multiply both sides of this equation by sin A,z (for fixed m an integer), and
integrate from 0 to a, we obtain

/ 2z sin \,,x dx = Z Ap\, cosh \,b / sin \,x sin A,z dx, (7.109)
0 — 0
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where

/ sin A,z sin A,z dxr = { 0. n#m, (7.110)
0

a/2, n=m,

and

* 1
/0 xsin Az dr = )\—2(—1)7"“. (7.111)

Eq. [7.110 implies that only one term (the term n = m) remains in the series in Eq. [7.109|
Thus,

4a2(_1>n+1 B 32a2(_1)n+1
(Ana)3cosh A\,b 73(2n — 1)3 cosh A\,b’
where \,a is given by Eq. [7.106 The warping function for this problem is therefore, from

Egs. and Eq. [7.107]

A, = (7.112)

32a2 00 (_1)n+1 1
¢(x,y) =2y — 3 —~ (2n —1)3 " cosh Anb

sin A,z sinh \,y. (7.113)

The torsional constant is given by Eq. as

J = 1+//< 5y a)dxdy (7.114)

We make the following observations about this integral:
1. ¢ is odd in = and odd in y.
2. 0¢/0y is odd in z and even in y.
3. 0¢/0z is even in z and odd in y.
4. x0¢/dy is even in x and even in y.
5. yO¢/Ox is even in x and even in y.

Thus, the integrand in Eq. [7.114]is an even function of both x and y. Hence,

J = 1+4// <xay )d:vdy, (7.115)

where I = I, + I, and

4
I, = / y?*dA = —ab®, (7.116)
A 3
2 4 3
I, = / r*dA = -a’b. (7.117)
A 3
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Thus,

32a N
J=I,+1, +4/ / { [ on— 1) ok bsm)\nx cosh A,y
n=1 n

320% <~ (—1)7H! An
— — : A sinh A, dx d 7.118
Y [y T = (2n—1)> coshAb €08 An SHIE AnY v ( )
128a% K (—1)7H! 1 ¢ .
=L+ I, + Iy~ L~ —— ; LT s /0 wsin A,z dz | sinh A, b
128a% o~ (—1)"* 1 b
. i inh A1
+ = Zl Gn 1) coshb sm)\na/o ysinh A,y dy, (7.119)
where the first integral is given by Eq. [7.111] and
b 1 b
/ ysinh A,y dy = Y sinh \,,b + " cosh A\, b. (7.120)
0 n n
Thus, after some rearranging,
1280%h | 2 2\ 2atanh \b (2
Y, B N A (e 121
/ v 3 [Z (2n — 1)1 b(2n —1)> <7T> ] (7.121)
n=1 n=1
8 4. 256a3h <~ 1 1024a* O~ tanh \,b
= - — 122
R ;(271—1)4 = nzl(zn—m (7.122)
8 4 96 1 384a =~ tanh \,b
=—a’b |1 7.123
3" [ T Z(Qn—l) R (2n—1)] (7.123)
where it can be shown[22] that
i L (7.124)
= (2n—1)* 96 '
We thus obtain the final result
16 192a <~ tanh \,b
J=—ad |1 | = ka’b 7.125
3¢ [ b £ (2n — 1)5] ( )

The constant « is tabulated below for several values of b/a:
b/a | kK
1.0 | 2.249
1.2 | 2.658
1.51]3.132
2.0 | 3.659
2.5 1 3.990
3.0 4.213
4.0 | 4.493
5.0 | 4.661

10.0 | 4.997
o | 5.333
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Figure 40: Torsion of Rectangular Bar Using Stress Function.

Note that the series in the last equation can be written in the form

=, tanh \,,b b . tanh \,,b
" — tanh — e 7.126
;(271—1)5 R 2(271—1)5’ (7.126)
where
=L tanh A\b
~ 0.00452 7.127
; 2n —1)5 < nZ:; 2n — 045 ( )
and, for b > a,
b
tanh ;T— > 0.917 (7.128)
a

imply that, with only the first term of the series, we obtain the sum to within about 0.5%.
Thus, a practical approximation to the torsional constant is

16 4 192a b
— 12
J =~ 7 d b( 5 tanh 2a> (7.129)

7.9 Torsion of Rectangular Bars: Stress Function

Here we solve the torsion problem for a rectangular cross-section using the stress function.
Consider the rectangle of sides 2a and 2b in the x and y directions, respectively, where we
locate the coordinate origin at the center of the rectangle (Fig. [A0]). According to Eq. [7.69]
the stress function satisfies the boundary value problem

2 _ _ i
{V@b— 2ua (—a <z <a, —b<y<b), (7.130)

1 =0 on boundary,

Since the right-hand side of the partial differential equation satisfied by the stress func-
tion is a constant, we can transform from the Poisson equation to the Laplace equation by
expressing the stress function in the form

U(z,y) = pala® — 2*) + pow(z, y), (7.131)
in which case the boundary value problem satisfied by v is

V=0 (ma<x<a, —b<y<b),
v(£a,y) =0, (7.132)
v(z, £b) = 2% — a?,
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Figure 41: Torsion of Rectangular Bar Using Transformed Stress Function.

y
v=a?—a®
b
0
Do V=0 |v=0
oz
P a 7
w_,
dy

Figure 42: Torsion of Rectangular Bar Using Stress Function and Symmetry.

as illustrated in Fig. 41}

We observe that the domain is symmetric, and the boundary conditions are even functions
of x and y and symmetric with respect to the two coordinate axes. Hence, the solution of
Eq. must exhibit the same symmetry and consist of even functions of z and y. Thus,
an equivalent boundary value problem can be defined on the domain 0 < z < a, 0 <y < b

(Fig. [42)):

(

V=0 (0<z<a, 0<y<b),

%:0 on x = 0,

@:0 ony =0, (7.133)
Ay

U(a7y)_07

\

We attempt a solution of Eq. [7.133| using the technique of separation of variables, and
look for solutions of the form

v(e,y) = X(2)Y (1), (7.134)
The substitution of this equation into Eq. [7.133k leads to
X"Y +XY" =0 (7.135)

or

X'(2) _ Y'(y)
X))~ Y

(7.136)
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implying that, for all x and y, a function of z is equal to a function of y. Thus, each function

must be a constant:
X'x)  Y'(y)

X(z) Yy
where the constant \? is the separation constant. The sign of the constant must be negative,

since otherwise we would be unable to satisfy the boundary conditions.
Eq. [7.137| thus separates into two ordinary differential equations

—A\% (7.137)

{ ;(,/,’ N ij;( :(? (7.138)
the general solutions of which are
{ X(x):As'in)\Jz—l—Bcos)\x, (7.139)
Y (y) = C'sinh Ay + D cosh Ay,
where A, B, C, and D are constants, and
{ X'(z) = A)\cos/\x—B)\sir‘l)\x, (7.140)
Y'(y) = CAcosh A\y + DAsinh \y.
The zero slope condition at x = 0 implies
0= X'(0) = A\, (7.141)

which implies either A = 0 or A = 0. Similarly, the zero slope condition at y = 0 implies
0=Y'(0)=CA\, (7.142)

which implies either C' = 0 or A = 0. We discard the case A = 0, since Eq. (with
A = 0) and the boundary conditions X’(0) = 0 and X (a) = 0 imply X (z) = 0 for this case.
Thus, A=C =0.

The homogeneous boundary condition, Eq. [7.133{, implies

0 = X(a) = Bcos \a, (7.143)
which implies that A = \,,, where
Antt = (2n—1)g (n=1,2,3,...). (7.144)

Thus, from Eq. [7.134] the solution must be of the form cos A,z cosh A,y. Since functions
of this type satisfy the partial differential equation and the three homogeneous boundary
conditions for all n, the most general form of the solution is obtained by taking a linear
combination of these functions:

v(z,y) = Z A, cos A,z cosh A\, y. (7.145)

n=1
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This series satisfies the partial differential equation (V?v = 0) and the three homogeneous
boundary conditions. If we can force the series to satisfy the nonhomogeneous boundary
condition on y = b, then we have solved the problem, Eq. [7.133], since it is well-posed.

The boundary condition at y = b implies

flz)=2"—a* = Z A, cos A\, cosh A\, b. (7.146)

n=1

If we now multiply both sides of this equation by cos A,,x and integrate from 0 to a, we
obtain

/ f(z) cos \px do = Z A,, cosh )\nb/ COS A\ COS A\ dix, (7.147)
0 — 0
where
‘ ‘o o 2(=1)™
f(x)cos Apxdr = [ (27 —a”)cos \pxde = ER (7.148)
0 0 m
/ COS A\pT COS A\ dx = { 0.  m#m, (7.149)
0 a/2, n=nm,

and sin \,a = (—1)""'. Eq.[7.149| implies that only one term (the term n = m) remains in
the series in Eq. [7.147] so that

2(=1)"
A3

n

— A, cosh Anb (g) (7.150)

or

A=) 32a2(—1)"
" aX3coshA,b  (2n — 1)373 cosh A\,b’
where \,a is given by Eq. [7.144] The stress function for this problem is therefore, from
Egs. and Eq.

(7.151)

Y(z,y) = pa(a® — %) + po Z A, cos A,z cosh A\, y. (7.152)

n=1
The torsional constant is given by Eq.[7.81] as

2
J=— [ YdA. (7.153)
K J A
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Since the integrand v is an even function of z and y,

8 b a
J = —/ / Y dxdy (7.154)
B Jo Jo
b a o0
= 8/ / [az — 2+ Z A, cos \,x cosh A,y | dx dy (7.155)
0 0 n=1
8 - sin \,a sinh \,b
= 8a’b — —a’b A L = 1
8a°b — za +8nz::1 " X (7.156)
16 5 256a%(—1)" (=1)"+'4a>
= —a’b . -sinh \,b 7.157
3" * ; (2n — 1)3m3 cosh A0 (2n — 1)%72 S ( )
16 5, (4 <= tanh\,b
— 3h— = il ol 1
7 a a (77) ; Gn=1) (7.158)
which agrees with the result, Eq. [7.125| derived using the warping function.
8 Plane Deformation
8.1 Plane Strain
A body is said to be in the state of plane strain, parallel to the xy-plane, if
uyp = uy(r1,72),
U = UQ(ZEI, Ig), (81)

U3:O.

These are the basic assumptions of plane strain. Such a deformation can occur only for
cylindrical bodies (where the cross-section at each z is independent of z) of

1. infinite length, or
2. finite length with ends fixed in the z direction.

Under plane strain conditions, the strain-displacement equations,

1
eij = 5 iy +ujs) (8.2)
imply
€13 = €31 = €93 = €33 = €33 = 0 (8.3)
or
E3; — O, 1= ]_7 2, 3. (84)

The constraint in the z direction, uz = 0, requires a force of constraint (reaction), which
can, for an isotropic material, be determined from inverse Hooke’s law, Eq. [5.25}

_ oo on
€33 = VE l/E + E (85)
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Thus, with €33 = 0, we find that, for plane strain,
033 = V(O'H + 0'22). (86)

That is, for plane strain, o33 is not independent, but determined from oq; and o9,.
We now consider the consequences of the equilibrium equations for plane strain. Since
the displacements u; and uy depend only on x; and x5, if follows that € and o also depend

only on x; and xs:
(

o111 = 011($1,$2)7
022 = 022(131,372);
) O12 = 012($17$2), (8.7)
o33 = V(011 + 022),
o13 = 0,
093 = 0.

\

The equations of static equilibrium are
Uij,j + sz = 0 (88)
Thus,
o11p+ o2 +pfi=0 = fi= fi(z1,x9),
o1t 02 tpfo=0 = fi= fa(x1, xa), (8.9)
pfs=0 = [f3=0.

That is, in plane strain, there can be no z-component of body force, and the two in-plane
components depend only on z; and xs.
Of the six strain compatibility equations, Eqs. [2.80H2.85] there is only one nontrivial
equation,
2e12,12 = €11,22 + €22,11, (8.10)

since all terms in the other five equations involve either a zero component of strain (e3;) or
a derivative with respect to xs.

8.2 Plane Stress
A body is said to be in a state of plane stress parallel to the xy-plane when
013 = 093 = 033 = 0, (8.11)

and the other components of stress are independent of z. These are the basic assumptions
of plane stress.
From Hooke’s law for an isotropic material,

Oy = )\Ekk:fsij + 2,&51']‘. (812)
Thus,

013 = 0 = €13 = 0,
093 =0 = €93=0, (813)
033 = 0 = 0= )\(811 + €929 + 533) + 2,&533 = )\(811 + 822) + ()\ + 2#)633,
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or

A (611 + ) v
€ €99) = —
N+ 2n 11 22 1=

where Eq. [5.15] was used. That is, even though the stress o33 = 0, the strain €33 # 0. The
physical situation corresponding to plane stress would be a thin plate with no stress on the
faces. A plate is considered thin if the thickness is small compared to the lateral dimensions
in the xy-plane.

The strain-stress equation for an isotropic material,

€33 = — (611 + €22), (8.14)

011 022 033
__,oun o v22 Y33 8.15
€33 v i v i + ol ( )
also implies
v
€33 = —E(On + 092) (8.16)

since o33 = 0.
The equations of static equilibrium are

0ij; +pfi = 0. (8.17)
Thus,
ong+oig+pfr =0,
01,1 + 022 + pfa =0, (8.18)
pf3 - Oa

where the last of these equations implies f3 = 0. We note that the equilibrium equations for
plane strain (Eq. and plane stress (Eq. look the same. However, in plane strain,
the solution variables (u, o, and €) are independent of z; in plane stress, the solution may
depend on z, since £33 # 0 implies uz # 0.

In plane stress, there is also only one nontrivial compatibility equation,

2e1919 = €1122 + €22.11. (8.19)

Even though e33 is nonzero, it does not influence the solution and can be recovered after
a problem is solved in terms of the in-plane stress or strain components (e.g., Eq. m or

Eq. .
8.3 Formal Equivalence Between Plane Stress and Plane Strain

In general three-dimensional elasticity, inverse Hooke’s law for an isotropic material is, from
Egs. [5.23H5.25,

Q
8
8

1%
ag. 1%

Eyy = % - E(U:mc + Uzz>7 (821)
(o 1%

€2 = 1~ E(am + 0yy)- (8.22)

oo
g



In plane stress, where o,, = 0,
Opz UV

€o0 = o~ F0w (8.23)
Syy = % - %Uxxa (8.24)
or, inversely, e
Opy = m(am + vey,), (8.25)
Oy =173 (Vezs + €yy). (8.26)

The third normal component of strain can be determined once the two-dimensional problem

is solved:
v v

€2z = _E(Uzw +oyy) = 11—y
Thus, in plane stress, €., is a Poisson’s ratio effect that can be determined after the in-plane
solution has been obtained. The in-plane solution is not influenced by ¢...

On the other hand, in plane strain (e,, = 0),

(Exz + Eyy)- (8.27)

02y = V(0gz + Oyy) (8.28)
implies
Faw = % a %Uyy - %(Uxx +oyy) = EV Taa = “ ;*V)Uyy, (8.29)
o v V2 1— 07 v(l+v)
Eyy = % - Egm - E(Um +oyy) = B Oyy — B Oz (8.30)

To obtain the “equivalence” between plane strain and plane stress, we put the plane
strain relations in the same form as those for plane stress:

Exx 5 anya

where E and 7 are the constants to be used in a plane stress solution to simulate plane
strain. A comparison of this equation with Eq. yields

Ogr v

(8.31)

_ E
E = 8.32
1 _ 1/2 ( )
and a )
v vil+v
i 8.33
If we now substitute Eq. into Eq. [8.33, we obtain
1 E
po X1ty —— (8.34)

E 1—12 1-—v'

Thus, plane stress results in the plane can be converted to plane strain if £ and v are replaced
by
_ FE v
E = — Y, D ey
1—v? 1—v

where F and v are the actual material properties.

: (8.35)
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8.4 Compatibility Equation in Terms of Stress

We recall that, for two-dimensional problems, we have the single nontrivial compatibility
equation
212,12 = €11,22 T €221, (8.36)

where, from Hooke’s law for an isotropic material,

011 124

1= T o (8.37)

€92 = % - %0117 (8.38)
2(1

91y = 112 = %alg. (8.39)

These equations also apply to plane strain with suitable interpretation of the elastic constants
(Eq. 8.35). The substitution of Hooke’s law into Eq. yields

2(1+v)oi210 01122 — V02222 02211 — V01111

= 8.40
or
2(1+ v)o1212 = 01192 — V02292 + T9211 — VO1111- (8.41)
On the other hand, the equations of static equilibrium with zero body force,
{ o11,1 + 0122 = 0, (8.42)
O91,1 + 0222 = 0,
imply
012,12 = —011,11 = —02222 (8'43)
or
201212 = —011,11 — 022,22 (8.44)
We now substitute this result into Eq. to obtain
— (L4+v) (01111 + 022.22) = 01192 + 02211 — V(011,11 + 022.22), (8.45)
where all terms containing v cancel. Hence,
O11,11 + 011,22 + 02211 + 02220 = 0 (8.46)
or
V2(011 + 022> =0. (847)

This is the stress compatibility equation for two-dimensional isotropic elasticity with no body
force. This equation is valid for both plane stress and plane strain, since material constants
have disappeared, and there is thus no need to use the formal equivalence between plane
stress and plane strain.
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8.5 Airy Stress Function

The two-dimensional equilibrium equations are automatically satisfied if a scalar function
U(zy,xq), called the Airy stress function, is chosen such that

011 = U,227 029 = U,ll; O12 = —U,12, (848)

since

{ o1+ 0122 = Ugor — Ujaa = 0, (8.49)

o911 + 0229 = —U 191 + U112 = 0.
The two-dimensional stress compatibility equation, Eq. [8.47], implies

0= V2(U,22 +Uq1) = Usoin + Usgooo + Uniir + Ugioe = Ugi1n + 2U 1190 + Ugaoe. (8.50)

This last result can be written in the form

> PN P - .
0—<8$2+8y2)(aw2+ay2)U—VVU—VU. (8.51)

That is, the Airy stress function for two-dimensional elasticity satisfies the biharmonic equa-
tion

ViU = 0. (8.52)

Note that, for both plane stress and plane strain, the Airy stress function satisfies the same
differential equation. The only difference is that, after the stress components are found, the
strain components are found by different relations (derived in §8.3).

There are two ways in which the biharmonic equation can be used to solve elasticity
problems:

1. Pick functions (such as polynomials of various degrees) with suitably chosen coeffi-
cients, and see what problem was solved.

2. Pose a problem of interest, and attempt a solution using Airy’s stress function.

Both approaches will be illustrated by example in subsequent sections.

8.6 Polynomial Solutions of the Biharmonic Equation

Let U be given by the second degree polynomial

U= ng + bry + ng, (8.53)

where a, b, and ¢ are constants. The biharmonic equation is satisfied for all values of a, b,
and c. The stresses are given by Eq. as

Ope = Uyy = c,
Oyy = Uz = a, (8.54)
Opy = —Ugy = —b
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Figure 43: Stress Field for Second Degree Polynomial Stress Function.
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Figure 44: Pure Bending from Third Degree Polynomial Stress Function.

That is, all stress components are constant. For a rectangular strip, the stresses are shown
in Fig. This stress function thus represents a combination of uniform tensions or com-
pressions in two directions and a uniform shear.

We now consider U given by the third degree polynomial

1 1 1 1
U= gaasg’ + beQy + EcasyQ + Edy?’. (8.55)
Since
VAU = Uii11 + 2U 1129 + Ugooo, (8.56)

this third degree polynomial satisfies the biharmonic equation for all values of a, b, ¢, and d.
The stresses are given by Eq. as

Ozp = Uyy = cx + dy,
oyy = Uw = ax + by, (8.57)
Opy = —U gy = —bx — cy.

Several problems have been solved depending on the constants selected. If a = b =c¢ =10
and d # 0, the stress field corresponds to pure bending, as shown in Fig.[44l Ilfa=c=d =10
and b # 0, we have the stress field shown in Fig. The symmetry of the tractions shown in
that figure results from having the coordinate origin at the center of the slab. Changing the
location of the origin would change the stress field. For example, if the origin were located
on the left side, there would be no shear stress on the left edge.

Consider U given by the fourth degree polynomial

1 1 1 1 1
U= an‘l + abx?’y + §cx2y2 + édxy?’ + Eey‘l. (8.58)
In this case,
VU = U awe + 2U soyy + U yyyy = 2a + 4c + 2¢ = 0 (8.59)
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Figure 46: Cantilever Beam With End Load.

or

a+2c+e=0. (8.60)

Thus, for fourth and higher degree polynomials, the coefficients cannot be picked arbitrarily.

8.7 Bending of Narrow Cantilever of Rectangular Cross-Section
Under End Load

Consider the end-loaded cantilever beam of length L shown in Fig. [f6] Let P denote the
resultant load, whose precise distribution is left unspecified. If the thickness A is small
compared with the beam depth d, we can assume plane stress (i.e., we assume h < d). We
also assume zero tractions on the top and bottom edges. Since we seek the displacement
and stress fields resulting from the applied load P, we ignore gravity. It is convenient to use
a coordinate system whose origin is at the free end.

Since the bending moment in the beam is proportional to the distance x from the load,
and, for bending, we would expect o,, to be proportional to y, we will attempt a solution
of the form [22]

Opz = Uy = 1oy, (8.61)

where U is the Airy stress function, and ¢; is a constant. This function can be integrated to
yield

1
U, = iclmyZ + fi(x), (8.62)
where fi(x) is an unknown function of z. We integrate again to obtain
1
U= gcﬂyg +yfi(@) + fa(z), (8.63)
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where fy(x) is another unknown function of z. Since U satisfies the biharmonic equation,
LA d
TR

Since this equation must hold for all x and y, and only the first term depends on y, both
terms must vanish. Thus,

VU = U111 + 2U 1199 + Uogaso =0. (8.64)

d* fy d* f
=0, £ =0 8.65
dz* " dat ( )
and, hence,
fi(z) = co® + c32® + ey + 5, (8.66)
fQ(.T) = CG.T?) + C7.CE2 + cgx + cyg. (867)
Thus, from Eq. [8.63],
1
U= —cizy® + y(cox® + c32® 4 cux + ¢5) + c62® + cra® + cgx + ¢y, (8.68)

6

where we will attempt to determine the nine constants from the various boundary conditions.
Given this stress function, it follows that

Ope = Uyy = 1y,
Oyy = Uze = 6(coy + c6)x + 2(c3y + ¢7), (8.69)

Since o, = 0 on the top and bottom faces (y = £d/2),

d d
6 (025 + CG) T+ 2 (635 + 07) = 0, (870)

d d
6 (—025 + CG) x+2 (—635 + 07) =0, (871)

which must hold for all . Hence, each polynomial coefficient must vanish:

co— +cg =0, csz +cr =0,
2, 2, (8.72)
—CQ§+CG :O, —Cg§+0720.

These two pairs of simultaneous equations imply ¢y = ¢3 = ¢ = ¢7 = 0 and

Oz = 1Y,
0,y =0, (8.73)
Ogy = —%Clyg — C4.

The boundary condition of zero shear on the top and bottom faces (0., = 0 on y = £d/2)
supplies one new equation and implies

1
Cqy = —§01d2. (874)
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Hence,

Oze = C12Y,
) (8.75)
Ony = —3C1(4y* — d?).

The boundary condition that the resultant shear load at x = 0 is P implies

/2
/ Oayhdy = —P, (8.76)
—d/2

where the minus sign on the right-hand side follows from the sign convention for positive

shear

Thus,

Thus,

stress (Fig. [19] p.[35). The substitution of Eq. into this equation yields
1 4/2 1
P = —clh/ (4y? — d*) dy = ——=c1hd®. (8.77)
8 —dj2 12
—12P P
-~ 8.78
T T I (8.78)
where I, the cross-section moment of inertia with respect to the z-axis, is
1
I =—hd. 8.79
D (8.79)
Eq. becomes
Pxy
Oge = — 5
1
oyy =0, (8.80)

We have several observations about this solution:

1.
2.

The solution agrees completely with the elementary mechanics of materials solution.

The shear stress varies parabolically in y at all locations x, including the loaded end at
x = 0 and the fixed end at x = L. Thus, at x = 0, the shear stress boundary condition
(the distribution of which was originally left unspecified) must also be specified to vary
parabolically for Eq. to be the solution. However, by Saint-Venant’s principle,
the solution would be OK at locations sufficiently far from the load. (Saint-Venant’s
principle states that the stress and strain fields resulting from statically equivalent
systems of loads differ only in the immediate neighborhood of the loading. Stresses
are essentially the same for statically equivalent loading systems at distances large in
comparison with the dimensions of the surface over which the loads are applied.)

Since the shear stress at the fixed end must also vary parabolically, we have, in effect,
solved a traction problem, not a mixed problem. (That is, specifying the stresses on
the fixed end precludes our also specifying the displacement field there.) As a result,
we would expect that the corresponding displacement field (to be derived below) would
have three undetermined constants corresponding to the three degrees of freedom of
rigid body motion possible in two-dimensional mechanics.
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4. Constants cs, cg, and ¢y in U were not determined. However, since the stresses do not
depend on these constants, they were not needed.

We now compute the displacement field corresponding to the stress field derived in
Eq. 8.80. In general, we must integrate the strain-displacement equations. Let the dis-
placement field be (u,v), in which case

- e 4 (8:81)
g—z =€y = U—g’ - %azx = %, (8.82)
e Ll LA} (3.53)

We can integrate the first two of these equations to obtain
U= —];zfly + ga1(y), (8.84)
v_”232+@uy (8.85)

where ¢1(y) and go(x) are unknown functions. The substitution of these two equations into

Eq. yields

Pa? vPy? 1+v)P (d*
—E+91(y)+ﬁ+92(@——T 7V ) (8.86)
which can be regrouped into separate functions of x and y:
P v Pxz?* (14 v)Pd?
) - 7 (1+5) v* =~ - . .
i) =7 (1+3) v = —0h(@) + 37 — - (8.87)

Since this equation, which equates a function of y with a function of x, must hold for all x
and y, each function must be a constant a;. Thus,

P v
g(y) = Vol (1 + 5) ¥ +a, (8.88)
Pz* (14 v)Pd?
@) =55~ —aEr W (8.89)
These two equations can be integrated to yield
P v
g(y) = 3ET (1 + 5) Yy’ + a1y + as, (8.90)
Px® (14 v)Pd*z
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Then, from Egs. and [8.85],

Loy L (1+2) v +ay+ (8.92)
YT ORI Y T 3R o) ¥ Ty T A ‘
WP, P 4, (1+v)Pd&
v—QE[xy +6E[$ — i T — a1 x + as. (8.93)

Note that this displacement solution has three undetermined constants of integration. As
mentioned in the discussion following Eq. [8.80] these three constants correspond to the three
degrees of freedom of rigid body motion (x translation, y translation, and rotation) possible in
a two-dimensional traction problem. Thus, for uniqueness, we must specify three additional
conditions sufficient to prevent such rigid body motion. Since the choice of constraints to
prevent rigid body motion is not unique, the final displacement field will depend on that
choice. Since we would like to compare our final solution with the elementary beam bending
theory, we will assume that the point (L, 0) is fixed and has zero slope:

ov(L,0)

u(L,0) =v(L,0) = g

=0. (8.94)

The first of these conditions implies a; = 0. The second condition, v(L,0) = 0, implies

PL3  (1+v)Pd2L
5T i aLta=o. (8.95)

To impose the third condition, we first compute the slope

dv _vPy* Px* (1+v)Pd?

— = — — 8.96
dr  2EI ' 2EI AEI “ (8.96)
so that zero slope at (L, 0) implies
PL?  (1+v)Pd
°EI 4B 77 (8.97)
Hence,
PL? 1 Pd?
o= 2L _1+v)Pd (8.98)

2F1 4FET
Substituting this result into Eq. yields

PL*  (1+v)PEL PL* (14+v)PdL  PL?

__ . 8.99
4= 6Bl AEI QBT AEI 3EI (8.99)
Thus, from Egs. and [8.93]
p ., P o, PO, &

= —551%Y + 357 <1+§)y + 357 [L L+0)5 |y (8.100)

and Pry? P2 (140)Pdz  [PI? (1+v)Pd2]  PL?

vrexy T +v T +v

- - . - el 101
Y= 3EI GBI AET [QEJ AET }“ 3BT (8.101)
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Figure 47: Distortion at Fixed End.

or
vPxy? n Pz?  PLx n PL3
2F1 6EI 2EI  3EI

To compare this elasticity solution to the beam theory solution, we compute the deflection
curve (the deflection of the “neutral” axis y = 0),

(8.102)

Px® PL%*x n PL?
6F 1 2F 1 3EI’

v(z,0) = (8.103)

from which it follows that 52 » v
v x
== 104
ox? FEI EI’ (8.104)
where M = Px is the bending moment at x. This is the Bernoulli-Euler formula in the
theory of beam bending.
It is of interest to determine the distortion of the cross-section at the “fixed” end (x = L)

due to the shearing stresses. From Eq. [8.100]

P v\ 5 P(l+ )
u(Ly) = 5 (1+ 5) Y T ] (8.105)
and
du(L,y) P (1 + K) > _ P+ v)d (8.106)
oy  EI 2) Y AET '
On the neutral axis at the fixed end,
Ou(L,0) P+ v)d? _ P& _ 12Pd? __3r (8.107)
dy AET 8G1 8Ghd? 2GA’ '

where A is the cross-sectional area. The distortion of the fixed end is sketched in Fig. 47|
Thus, the displacement solution, Eqgs. [8.100] and [8.102] satisfies the desired fixed boundary
condition at = L only approximately. For slender beams (d < L), u(L,y) = O(d*y), where
we use the “big O” notation to represent terms of order d?y as d*y — 0. Thus, although
u(L,y) # 0 for slender beams,

PL?y
u(Lyy) <u0y) ~ o7 = O(L?y). (8.108)
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Figure 48: Uniformly-Loaded Beam Supported at Ends.

8.8 Bending of a Beam by Uniform Load

Consider the uniformly-loaded beam of length 2L and depth 2d shown in Fig. [48]20]. Let ¢
denote the force per unit length applied on the top surface. Hence, the resultant reactions
at the two ends would be ¢L. If the thickness A is small compared with the beam depth 2d
(i.e., h < d), we can assume plane stress. The objective is to compute the stress field in the
beam resulting from these loads. We ignore gravity.

The following boundary conditions are imposed:

Opy(, +d) = 0, (8.109)
Oyy(,d) =0, (8.110)
oyy(, —d) = —%, (8.111)
d qL
| onEL =7, (5.112)
—d
d
/ 02a(£L,y)dy =0, (8.113)
—d
d
/ Yo(£L,y) dy = 0. (8.114)
—d

The last two conditions indicate that there is no net longitudinal force or moment at the
ends of the beam. The precise distribution of normal stress at the ends is left unspecified.
The zero moment condition of Eq. corresponds to a simple support.

Since the bending moment in a uniformly loaded beam is one polynomial order higher
than the bending moment in an end-loaded beam (§8.7)), we will attempt a solution using
an Airy function of polynomial degree 5:

1 1 1 1 1 1
U= aed® 4+ — bt LB 4 e 4 — 4, L5
50 &T + 17058 Y+ SOy + 5357y + 15652y + 20f5y
+ la ot 1b 3y + 1c 2y + 1d xy® + ie yt
127 Te 2 6 127"
1 1 1 1
+ 6(13353 + §b3x2y + chny + édgyg
1 1
+ §a2x2 + bory + §ng2, (8.115)

95



where the subscript on each coefficient indicates the order of the term in which it appears.
This 18-term polynomial would be a complete fifth-order polynomial in two variables except
that the three linear and constant terms, which would not contribute to the stress field, are
omitted.

We first require that this polynomial satisfy the biharmonic equation:

VAU = U zoaw + 2U saygy + Uy = 0, (8.116)

which implies
0 = 6asz + 2bs5y + 4desx + 4dsy + 2esx + 6 f5y + 2a4 + 4ey + 2e4 (8.117)
= 2(3(15 -+ 205 + 65)$ + 2(b5 + 2d5 -+ 3f5)y + 2(@4 + 204 + 64). (8118)

Since this equation must be an identity for all x and y, each polynomial coefficient must

vanish:
3(15 + 205 +e5 = 0,

a4+204+e4:O.

Given this stress function, the stresses are

One = Uyy = s¢50° + dsa®y + eszy® + f5y° 4+ caa® + dazy + eqyy® + csx + dsy + ¢,

Oy = Ue = asx® + by + csxy® + %d5y3 + a2 + byxy + cay?® + asx + b3y + as,

Opy = —Ugy = —%b5x3 — s’y — dsay® — %e5y3 — %b4x2 — 2c4y — %d4y2 — bsx — c3y — bs.

(8.120)

Notice that each of these three expressions is a complete cubic in two variables. The boundary
conditions in Eqs.|8.109 can be used to evaluate the 18 unknown polynomial coefficents,
of which 15 are independent, given Eq. However, the effort required can be reduced
considerably by taking account of the symmetry of the problem. We observe from Fig.
that, as a consequence of symmetry, both o,, and o,, must be even functions of z. In
addition, since the shear stresses on the side supports are of opposite signs, o,, must be an
odd function of x. Consequently,

(1,5:C5265:b4:d4:a3263:b2:0, (8121)

and the stress field simplifies to

Oue = A5y + f5y° + ca2® + sy + dzy + o, (8.122)
1
0y = b5’y + §d5y3 + agx® + cay® + by + ao, (8.123)
1
Opy = —§b5a:3 — dsxy® — 2c4xy — bz (8.124)

Notice that, as a result of Eq. [8.121] Eq. [8.119h is automatically satisfied, and the other two
parts of Egs. [8.119| are unaffected.
We now apply the various boundary conditions. Eqgs. [8.109[imply

—0gy(2,d) = $b52° + (dsd? + 2c4d + bg)z = 0,
—0gy(2, —d) = $b52° + (dsd? — 2c4d + bg)z = 0.

(8.125)
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Since these two equations must hold for all z, it follows that
b5:C4:0, d5d2—|—b3:0,
and the stress field further simplifies to

Ogx = d5x2y + f5y3 + 6492 + d3y + c2,
1
Oyy = §d5y3 + agr? — d5d2y + ag,

Ory = —dszy® + dsd*z = ds(d® — y*)x.
Eq. [8.110] implies
1
O'yy(.CC, d) = CL4SL’2 + §d5d3 — d5d3 +ax = O,
which must hold for all . Hence,

2
ay = 0, [ §d5d3.

Similarly, Eq. [8.111] and these last two results imply

1 2
Oyy(w, —d) = —§d5d3 + dsd® + §d5d3 = _%

or
3¢ q

ST 4hdd 20

(8.126)

(8.127)

(8.128)
(8.129)

(8.130)

(8.131)

(8.132)

(8.133)

where [ is the moment of inertia of the cross-sectional area with respect to the z-axis:

2
I = =hd®.
3
Also, from Egs. [8.119] [8.126] and |8.131},
q _qd?
64_07 f5_ d5_317 Ay = 3]—7
and the stress field further simplifies to
Oge = —%$2y + 3(]_['!/3 + d3y =+ co,
d? d?
S I O L

w6l 21?31

q
Ozy = _§<d2 — ).

Two constants (ds and ¢3) remain to be evaluated.

(8.134)

(8.135)

(8.136)

(8.137)

(8.138)

Eq. 8.112 is automatically satisfied. To impose Eq. [8.113a, we note that the terms in
the integrand o,,(L,y) which are odd in y do not contribute to the integral. Hence, this

boundary condition implies ¢o = 0. Eq. [8.113p is then automatically satisfied.
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The last boundary condition, Eq. [8.114] implies
qL? & q & d?

. L= 1
57 3 T31 5 Thg =0 (8.139)
or L2 d2
q
2=, 14
s [(2 5) (8.140)

Thus, with all constants evaluated, the final solution for the stress field is

q 2 2 q 1 3 1 2
= —(L"— + =1 = —=d 8.141

q 5 qd*  qd®

O’CL‘Q?‘

S B B . (o 8.142
Oay = —%(dQ — ). (8.143)

It is of interest to compare this solution with that derived in elementary beam theory. The
first term in Eq. represents the normal stresses due to bending derived in elementary
beam theory; the second term can thus be thought of as a “correction” to the elementary
theory. This correction is independent of x and, if d < L, small compared with the maximum
stress 0,,. Thus, the elementary theory is a good approximation for long slender beams. We
also note that the normal stresses at the ends have a resultant force and resultant moment
equal to zero. Hence, from Saint-Venant’s principle, their effect away from the ends will be
small. The elementary theory also ignores the normal stress component o,,, which must be
nonzero on the top surface. Eq. shows that there are compressive stresses o,, between
the longitudinal fibers of the beam. The parabolic distribution of shear stress derived in
Eq. corresponds to that derived in the elementary theory.

9 General Theorems of Infinitesimal Elastostatics

9.1 Work Theorem

A stress field oy; is defined as statically admissible if it satisfies the equations of static
equilibrium and the traction boundary conditions:

{ 0ij; +pfi =0, (9.1)
O'ijnj = E, ’
where the upper case T; is used to denote the stress vector on the boundary of a body. One
implication of static admissibility is that the stress field must be sufficiently smooth so that
the indicated derivatives can be taken.

A strain field &;; is defined as kinematically admissible if it satisfies the strain-displacement
equations and the displacement boundary conditions:

{ gij = (ﬂm‘ + aj,i)’ (92)



where U; denotes the boundary displacements. One implication of kinematic admissibility
is that the displacement field must be sufficiently smooth so that the indicated derivatives
can be taken.

In the above two definitions, the bar is used over the displacements and strains to em-
phasize that the stress and strain fields do not have to be related to each other (i.e., they do
not have to be associated with the same problem).

For a given body, we now consider the work done by the surface tractions for one problem
acting through the boundary displacements associated with another problem:

%Eﬂl dS = %aijnjﬁi dS = /(Uijﬂi),j dV = / (O'Z'j’jﬂi + O'Z'jﬁ@j) 1%
S S 1% v
= [ ot opeg)av. (9.3
v
Thus, from the first and last expressions,

S %4 14

That is, the work of the surface tractions and body forces associated with one problem (for
a given body) acting through the displacements associated with another problem (for the
same body) is equal to a “strain energy” computed using the stress field of the first problem
and the strain field of the second problem. This result is known as the work theorem.

So far we have proved that Egs. and imply Eq. [9.4 It can also be shown that
Eqgs. and imply Eq. That is, given oy, fi, and T;, if the work theorem is
satisfied for every kinematically admissible strain-displacement field, then o;; is also statically
admissible. To prove this assertion, we observe that the right-hand side of the work theorem
is given by

/ O'ijgij dV = / O'ijﬂi,j dV = / [(O'Z‘jﬂi)’j—()'ij’jﬂi] dV = % aijnjﬂi dS—/ O'ij,jai dV (95)
v v v s v
Thus, if we combine this last result with the left-hand side of the work theorem, we obtain

S \% S \%

or, with a re-arrangement,

1% S

If the work theorem holds for every kinematically admissible strain-displacement field, it
holds, in particular, for a field with zero surface displacements, in which case

/ (Uij,j + pf»ﬂz dV = 0, (98)
v
which must hold for all internal distributions of @;. Thus,

O0ij,5 + pfl =0 inV. (99)
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Also, if we substitute this result into Eq. we obtain

S

At portions of the boundary where u; is not specified, this equation must hold for arbitrary
u;, which implies that the integrand vanishes and

,-Ti = 0yNny. (9].1)

However, on portions of the boundary where u; is specified, we cannot conclude (from the
above equations) that Eq. holds.

9.2 Betti’s Reciprocal Theorem

Assume that we have two different elasticity solutions for the same body. That is, assume
we know, for some problem,

Tij pfis Ti, g, Eijs
where these field quantities satisfy all the equations of elasticity. If we have a second solution
of a different elasticity problem for the same body, we would know

6ij7 pfza Ea ﬂ’i: ‘le]a

which also satisfy all the equations of elasticity. Betti’s theorem states that, if an elastic body
is subjected to two systems of body and surface forces, the work that would be done by the
first system of forces acting through the displacements of the second system is equal to the
work that would be done by the forces of the second system acting through the displacements
of the first system. That is,

\% S Vv S

To prove Betti’s theorem, we observe that, according to the work theorem, Eq. the
left-hand side of Eq. is given by

1% s 1%
Similarly, by an interchange of the two solutions, the right-hand side Eq. is given by
v 5 v

However, the integrands (and, hence, the integrals) in the right-hand sides of the last two
equations are equal, since

0ij€ij = Cijki€ij€kl = Chlij€ij€k = CijkiKIEij = Ti;Eij, (9.15)

where the second equality follows from the symmetry c;ju = cpij, and the third equality
follows from the interchange of subscripts ¢5 with kl. Betti’s theorem is therefore proved.
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9.3 Variational Principles

We consider first an example involving the system of linear algebraic equations
Mx =y, (9.16)
where M is a square matrix, and x and y are vectors. Define the scalar function
F(x)=x-Mx—2x-y. (9.17)

To determine the vector x which minimizes F' (for fixed M and y), we compute and set to
zero the first variation (or, simply, the variation) of F:

0=0F(x) =0x-Mx+x-Mix —20x-y (9.18)
= 0x - Mx + 6x - M x — 20x -y (9.19)
= 20X - %(M—FMT)X—y . (9.20)

Since this last expression must vanish for all dx, it follows that
1
§(M +MD)x =y. (9.21)

That is, the vector x which minimizes the scalar function F(x) is determined by Eq.[0.21] If
M is symmetric, then Eq. reduces to Eq. [9.16] the original system of equations. Thus,
we have found that the vector x which mimimizes the functional, Eq. [9.17] is the solution of
Eq.[0.16] In general, a functional is a function of a function.

We now wish to apply these ideas to elasticity. Recall that the total strain energy for a

body is given by
1

Wlu] = 5/vcijklui,juk,l av, (9.22)

where we consider the strain energy to be a functional depending on the displacement vector
u. Admissible displacement fields are those such that uw; = U;(x) on the surface S of the
body. Suppose u is the minimizing admissible displacement field. Consider also a slightly
different displacement field

() + en(x),

where, to be admissible,

en(x) =0 on S. (9.23)
Then, for any € # 0,
f(e) = Wla(x) + en(x)] > Wa(x)]. (9.24)
From Eq.[0.22]
fle) = Wla+en] = W] + eQ[a,n] + €Wn], (9.25)
where )
Qu,n] = 3 /V[Cijklui,jnk,l + Cijrai,jUng) AV = /ch‘jk:lni,jukz,l dv. (9.26)
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The last equation follows from the symmetry c;ju = cg;j. Since u is the minimizing admis-
sible displacement field for Wu|, f(e¢) achieves its minimum for e = 0. That is, f'(0) = 0.
Since

f'(€) = Q[u, m] + 2eW(n], (9.27)

f'(0) = 0 implies
Qa,n] =0. (9.28)
Also, in order for the stationary point at ¢ = 0 to be a minimum, the second derivative

f"(€) = 2W[n] must be positive there, a condition which is automatically satisfied for the
strain energy functional W.

Eq. implies
0=Qla,n|= / CijhiTijUkg AV = / aijnij dV. (9.29)
1% 1%
This equation, which must hold for all i, does not imply that &,; = 0, since we note that, if
o, =1,
1% s

since n must vanish on the surface (Eq. [9.23). However, from Eq.[9.29]
0= / 0Ny AV = / [(Gijni) 5 — Gijmi) AV
1% 1%
== % 5'1']‘771'713' ds — / 5-ij,j7]i dV = —/ 5-ij,jni dV, (931)
5 1% 1%

where 1) vanishes on the surface. Since this last expression must vanish for all i, it follows
that 7;; ; = 0 pointwise at interior points in the volume V. That is, we have proved that the
stress field which corresponds to the minimizing displacement field u; satisfies the equilibrium
equation

5'1']‘7]' = (Cijklﬂk,l),j = 0. (932)

Alternatively, given the displacements on the boundary, the corresponding stress field is that
which minimizes the total strain energy.

9.4 Theorem of Minimum Potential Energy

In the preceding section, we considered problems for which there were no body forces, and
the displacements were prescribed over the entire surface. We now consider more general
problems which have body forces and for which the boundary conditions involve both dis-
placements (specified on S,) and surface tractions (specified on S;) (Fig. [19). An admissible
displacement field is one which satisfies the boundary condition u(x) = U(x) on S, and is
smooth enough to be differentiated to yield strains. We make the following assumptions:

L. ciju = cruy,

2. cijmeijem > 0if € # 0, and
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Figure 49: Surfaces S, and 5;.

3. S, is not merely a colinear set of points.

According to the theorem of minimum potential energy, for admissible u, if the functional

1

Wl = 5/‘/ ikl Ui, Uk, dV—/foiui dV—/S Tiu; dS (9.33)

is stationary at u = 1, then

(Cijmtng)j +pfi =0,
u; = U; on S, (9.34)

Oijnj = Cijiilign; = T; on Sy,

Wia] < W[u] for u# u.

The potential energy W consists of the sum of the strain energy and the potential of the
applied loads. In words, we can state the Minimum Potential Energy theorem as follows:
Of all kinematically admissible displacement fields (those which satisfy the prescribed dis-
placement boundary conditions), the potential energy W achieves its absolute minimum for
the displacement field which is that of the equilibrium state. An equilibrium displacement
field is one for which the stresses obtained from Hooke’s law satisfy both equilibrium and
the prescribed traction boundary conditions.

To prove this theorem, we first compute and set to zero the first variation of the functional
W for fixed f;, T;, and Uj;:

0= 6TW[u] (9.35)
1

= / §[cijkl5ui7jukvl + cijkluivjéukyl] dV — / ,Of,5ul dV — / 1—;5’&1 dsS (936)
\% \4 St

= / 5ui,jcijkluk7l dV — / pfléuz dV — / Tzéul dS (937)
\%4 v St

= / [(5uicijkluk7l)7j - 5ui(cijkluk7l)7j] dV — / pfz5uz dV — / Tzéuz dsS (938)
|4 \% St

= f 5uicijkluk7lnj ds — / 5ui[(cijkluk,l)7j -+ ,sz] dV — / E(Sul ds. (939)
S \% St

Since u = U on 9, u is not allowed to vary on that portion of the boundary (i.e., du = 0
on S,). Hence, the first integral in this last equation has contributions only on S;, and

0= (5W[u] = /5: (5ui(cijkluk7mj — T'Z) dS — Léui[(cijklukyl),j + pfl] dV. (940)
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Since this equation must hold for all du, it follows that

{ (Cijriugy) j+pfi=0 inV,

(9.41)
CijklUkMj = O4iN; = T; on S,

and the first part of the minimum potential energy theorem is proved.

To prove the remaining part of the theorem, Eq. [0.34d, we need to show that the sta-
tionary value of the potential energy W is a minimum (although one might expect from
physical intuition that there can be no mazimum energy for admissible displacement fields).
We use an approach similar to that used in the preceding section, where we considered a
displacement field

u(x) + en(x).

To be admissible,

n(x)=0 onS,. (9.42)
We define f(€) as the energy functional evaluated at u + en:
f(e) = W+ en] (9.43)
=Wla] +e {Q[u, nl — /Vﬂfmz‘ dv — /St Tim dS} + 62% /v CijkiNi,j Mt AV, (9.44)
where () is the same functional defined in the preceding section:
Qu,n] = %/V[cijklui,jnm + Cijrani U] AV = /Vcijkmi,juk,l av. (9.45)

The last equation follows from the symmetry c;ju = ciij-
If the energy functional is to be minimized for u = u, it follows that f’(0) = 0 and
f"(0) > 0, where

f'(e) = Qu,n] — / pfin; dV —/ Tin; d5+€/ Cijr i, j M1 AV (9.46)
v s, v

and
f7(e) :/Cijklni,jnk,l dv. (9.47)
v

Since W u] = 0 from the first part of the proof, the statement f/'(0) = 0 is equivalent
and does not need to be proved again. Nevertheless, it would be instructive to show the
alternative proof. The condition f’(0) = 0 implies

0_/Cijkl77i,jﬂk,l dV—/Pfﬂth—/ Tin; dS (9.48)
1% v S,
Z/Uz‘j??z‘,jdv_/mez‘dV—/ Tin; dS (9.49)
1% 174 St
:/‘/[(51']'771'),3'—5@']',3'7%] dV—/fomidV—/S Tin; dS (9.50)
Z]{Uz‘jmng‘ dS—/ni(aij,j+pfi)dV_/ Tim; dS, (9.51)
S 14 St
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where, since n = 0 on S, (Eq.[9.42)), the first surface integral has contributions only on S,
and

0= / ni(Gegm; — T0) dS — / (G + ) AV, (9.52)
St Vv

which implies Eq. as before.

Note that the second derivative f”(¢) (Eq. is positive everywhere including € = 0.
Thus, the minimum energy expressed (and now proved) in Eq. is an absolute minimum,
not just a local minimum. Alternatively, from Eq. since the term proportional to € is
zero, we could write

1
Wla+en] = Wa] + 562/ Cigai,j M AV (9.53)
v
If we define the new variable q
Mij = 5(771‘,9' + Mj4), (9.54)
we can write Eq. as
1 IR
Wa+ en] = Wla] + 562/ CijiMij Nk AV, (9.55)
1%

where, from the second basic assumption at the beginning of this section, the integral is
positive unless 7;; = 0. Thus, W[a + en] > Wa] unless n = 0.

Since the energy associated with any displacement field different from  is larger than
the energy associated with @, a corollary of the minimum potential energy theorem is that
the minimizing displacement field 1 is unique.

9.5 Minimum Complementary Energy

We recall that a stress field o;; is statically admissible if it satisfies the equations of static
equilibrium and the traction boundary conditions,

0ij; +pfi =0, (9.56)

O'ijnj = T; )
where the stresses are related to the strains by generalized Hooke’s law,

Tij = Cijki€kl- (9.57)

We also assume the existence of a strain energy density (which is positive for nonzero strains):
1 1
w = §Uij5ij = §Cijkl<€ij€kl >0 (E 7é 0) (958)

For this discussion, it is convenient to write Hooke’s law in its inverse form,
Eij = SijklOkl, (959)

in which case w can alternatively be written in terms of stress,
1 1

w = 50’@'81‘]’ = §Sijkl0-ij0-kl >0 (0’ 7& 0) (960)
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Note that, in the absence of thermal effects (heating), € = 0 if, and only if, & = 0. Thus,
since the strain energy density is positive for nonzero strain fields, it is also positive for
nonzero stress fields. -

We now define the complementary energy W as

—~

1
W:/ §Sijkl(7ij‘7kl dV—/ Uioijn; dS, (9-61)
Vv u

where U is the vector of prescribed displacements on S,. W consists of the sum of the
complementary strain energy and the potential of the boundary forces acting through the
prescribed boundary displacements.

The Minimum Complementary Energy theorem can be stated as follows: Of all statically
admissible stress fields (those which satisfy equilibrium and the prescribed traction boundary
conditions), the complementary energy W achieves its absolute minimum for the stress field
which is that of the equilibrium state. An equilibrium stress field is one for which the
strains obtained from the inverse Hooke’s law satisfy the compatibility equations (so that
the strain-displacement equations can be integrated to yield displacements), and the resulting
displacements satisfy the prescribed displacement boundary conditions.

We now prove this theorem. Let & denote the equilibrium stress field. Then, for another
stress field,

oij = ;5 + Aoyj, (9.62)
we wish to prove that L e
Wle + Ao| — Wlea] > 0, (9.63)
where both o and & are statically admissible. Then,
Wie + Ao] — Wo] (9.64)
_ /V %sijkl[(% + Aoy (G + Aoy) — G3504] dV — / Uiayny dS (9.65)

1 1
= / —Sijkl(AO'ija'kl + 5'7;jAO'kl) dVv -+ / §5ijklA0'ijA0'kl dV — / UiAaijnj dS, (966)
\% Su

2 v

where the middle term is positive for nonzero Ao. Thus,

W[& + AO’] - W[&] > / Sz‘jklAO'ija'kl dV —/ UiAal-jnj dS (967)
\% Su
1% u
= / AO’ijl_LiJ‘ dVv —/ UiAaijnj dS (969)
\% Sy
= / (AO’ijl_LZ')J dV — / (Ao'ij),jai dV —/ UZ‘AO'Z'jnJ' dsS. (970)
1% 1% u
Note that the middle term in this last expression vanishes, since, if o and & both satisfy
equilibrium,
0ij; +pfi =0,
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the difference stress field satisfies

(Aoyj) ;= 0. (9.72)
Then, from Eq. [9.70]
Wie + Ao] — Wia] > i Aoijiin; dS — /S UiAoyn; dS (9.73)
= / Aoi;uin; dS — / U;Aon; dS (9.74)
= /S Ao;;Un;dS — /S U;Aoijn; dS = 0. (9.75)

In the above equations, Eq. follows since the difference stress vector must vanish on Sy,
and only contributions on S, remain. Eq. follows since @; = U; on S, (i.e., u; is the
equilibrium solution). The minimum complementary energy theorem is thus proved.

We mention in passing (and without elaboration) that the minimum complementary
energy theorem can alternatively be posed as a constrained optimization problem, in which
one wants to minimize

—~ 1
Wz/ Esijklaijakldv_/ Uioijn; dS (9.76)
1%

u

subject to the constraints

{ oy +pfi=0 inV, (9.77)

O;iN; = 111 on St.
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work, work theorem,
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