Viscosity Effects on the
Propagation of Acoustic
Transients

G. C. Gaunaurd* The propagation of an impulsive excitation applied at the origin of a lossy viscous me-

Fellow ASME dium is studied by operational techniques as the excitation advances through the medium.
. The solution of the governing partial differential equation (PDE) for such transient

. G C. E"ers“ne propagation problems has been elusive. Such solution is found as an infinite sum of

e-mail: EverstineGC@nsweed.navy.mil properly weighted successive integrals of the complementary error function, and it is
quantitatively examined here using a one-dimensional model in space and time. As ex-
Naval Surface Warfare Genter pected, as the transient advances through space, its amplitude decreases, and its width
Carderock Division broadens. Such is the damping effect of viscosity that one would anticipate from elemen-

Bethesda, MD 20817-5700 tary considerations in related disciplines such as electrodynamics. Such is also the

smoothing-out effect of dispersion. We also obtain an approximate solution of the present
boundary-initial value problem based on the method of steepest descents. This approxi-
mation agrees with the first term of the complete analytic solution given here. The perti-
nent dispersion relation associated with the governing parabolic PDE is shown to impose
a restrictive condition on the allowable values of the propagation speed and the kinematic
viscosity coefficient, thus assuring that propagation with attenuation does take place.
Various numerical results illustrate and quantitatively describe the propagation of the
transient pulse in several nondimensional grapi®0I: 10.1115/1.1419203

Introduction In the more detailed work by Blackstog&], a BIVP consisting
;IEq. (1) together with a sinusoidal boundary condition, was
)sed. Blackstock used the “smallness approximation” to reduce
e PDE in our Eq(1) to his Eq.(14), which is the heat equation.
Hje heat equation was then solved for the sinusoidal wave train
at at was initiated at the origin and later decayed to zero at large
istances.

A purely numerical treatment of such transient problems has

The propagation of a sound pulse through a viscous fluid is 8
important problem that has been often revisited since the gove
ing equation for the propagation was established by Stpkis
1845. Various, more or less generalized, formulations have
peared in textbookf2—5] as well as in paper5—8|. The gov-
erning equation is a third-order partial differential equation o
parabolic type. In one space dimension, the boundary/initial valu

roblem[BIVP] i aso_bee_n given by Ludwig and Lev[r_?]. The “smallness ap-
P [ 3] S ) ) proximation” was also used by Szap8] in 1968, who stated that
v dg°u Ju 19U the analytic solution of Eq(1) was “not easy to obtain.” He then

x>0,t>0), a X - .
( ) (@) proceeded to design an electrical analog system to simulate sys-

tem responses under such restriction.

__+_:__
c? gtox®  ox®  c? at?

L = 1
u(x,0=0, u(x,0=0, (b) @ Finally, Lagerstrom, Cole, and Trilling], in a report pointed
out to us by a reviewer, obtained an asymptotic expansion for the
u(0t)=uga(t), u(oe,t)<eo, inversion integral associated with the BIVP, Edj), for the case

whereu(x,t) is the fluid velocity,c is the sound speed; is the of large values of time. We will return to this asymptotic ap-
kinematic viscosity responsible for the attenuatioris the accel- proximation in our final discussion, since we can show that the

eration, ands(t) is the Dirac delta function. approximation also emerges from the present complete solution of
Works dealing with some aspects of this problem are discussite BIVP.
in some textbooks. For example, in Larf{2], p. 647, Malecki In the present problem, there is propagation in only one direc-

[[3], p. 260, and Officer[[4], pp. 249—257, a harmonic wave tion into the infinite viscous medium. The radiation condition,
solution is assumed and substituted into the PDE. This substitmplicit in this work, prevents waves from returning in the “in-
tion yields classical, linearly attenuated harmonic waves at rerard direction.” Of particular interest is the solution when the
tarded time. These waves are not solutions of transient boundagundary condition is an impulsive excitation at the origin. If such
and initial value problems such as E@d) since no account was solution were obtained, then it could be used, by means of the
taken of the boundary or initial conditions. In Morse and Ingardonvolution theorem, to find solutions for any other excitation.
[[5], p. 282, the interest was in the formulation of problems irSince the Laplace transform used here is one-sided, the convolu-
which viscosity and heat conduction were jointly present, startingn theorem is ideally suited for this purpose. This basic solution
from the basic equations of fluid mechanics. Their formulatiowill reveal the damping effects of viscosity in a quantitative way.
leads to a system of three coupled PDEs for three pertinent st@tgalitative analyses in the literatuf€10], pp. 212-215 have
variables, and when heat conduction becomes negligible, the sgghibited the anticipated behavior in which the pulse amplitude
tem of equations reduced to E@) for the fluid velocity. How- decreases, and its width broadens, as it propagates.
ever, no solution was offered. We note that parabolic PDEs similar to this often have precur-
sor solutions with infinite speed of propagation, so that distur-
*Current affiliation: Army Research Laboratory, 2800 Powder Mill Rd., Adelphibances are felt immediately at all points in the fluid. This property
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the following sections, we derive the analytic solution obtained h;/ﬁp) =F,(p)F,(p) (13)
operational methods as well as an approximation to the analytica o .
solution based on the method of steepest descents, which will %/ X x? X"
identify the strongest contribution within the complete analytic =€ |1+ ==+ 57— Pz
X . . Jrip  2!7p n! 7"p
solution to the value of the pertinent contour integral. (14)
_ 7 87?\‘7— ;2 e XV7p
=e X —. + 5= + .
Theory JrooJp 27 p
A Laplace transform pair is here defined as e
n! 7_n72 ' pn72 + ’ (15)

f(s)= J'wf(t)e’Stdt,

0

1 otio (2)
f(t)=ﬁf ~ f(s)edds,
where
LLF (1)} =sf(s)— F(0+). ©)

We take the Laplace transform of Eq. 1 with respect to tire
obtain
. s?.
(14 7S)Uyy(X,S) — ?u(x,s)zo,

(4)

u(0,s)=ug,

wherel(x,s) is the transform ofi(x,t), subscripts denote partial
differentiation, 7= v/c?, and, because of the initial condition, we

take U,(x,0)=0. Sincev has the dimensiongL?/T], 7 has the
dimensions of time. Because of the transforg,now takes the
dimensions of length. The solution of this system is

SX

cV1+ rs)' ®)

U(x,8)=Uq exp( -

We now take the inverse Laplace transform of this last equation

to obtain

(6)

1 o+ic
u(x,t):u — e—(sx/cv‘l-f-rs)estdsi
02 i o—io

which has an essential singularitysat — 1/7. With the change of

variable
s=p—1/r, @)
Equation(6) becomes
- e tr fﬂ+ll7+imeX/CT(l/QTp*\“‘T_p)eptdp ®
’ 0 2mi o+ 1Ur—ie '
We now define the nondimensional variables
=2 =l 9)
cr’ T’
in which case Eq(8) becomes
et forlrriz _
u(xX,t) = U5 — L+ o (NP VP)aPlg (10)
et [otlrtis
=Ugy Ja+l/q——ioc Fi(p)F2(p)ePidp,
11)
where
Fup)=e ™, Fy(p)=e’ '™, (12)

which can be inverted term-by-term.
We note that the first term in EQL5) is F1(p), whose inverse
f4(t) is tabulated 12,13; hence,

x
27t \/at
The inverse of the second term in E@5) is also tabulatedl12]:

“[Tr' » ]:Tm‘*

Third and subsequent terms in E45) can be inverted using the
known formula[[12], Section 7.2

—(x?14t)

fi(t)= (16)

—%2(4t)

(17

1[ eﬁ\ﬁ] /2-1 2 B
L =4n)Me T " rerf —= |, 18
oz (4t) N (18)
whereB=x.7, andZ " erfc(z) is a symbolic operator that denotes
the mth successive integrals of the complementary error function.
(Note that we use the symb@lrather than the symbalused by
Abramowitz and Stegun for this operator to avoid confusion with
the imaginary unii also used in this papeWe recall that

2 *® 2
erfo(z) = —f e Vdt (19)
NEWF
and the recursion relatiori 4]
I”erfc(z)=f 7" lerfot)dt, (n=0,1,2...). (20)
z
Hence the inverse of theth term in Eq.(15) is, in nondimen-
sional form,
X ] L X
L 1[ o2 ]— —@aymizn 2erfc(2—H.

(21)

The complete inversion is thus obtained by combining Eg6)
and (17) with the sum of alln=2 terms in Eq.(21):

el x (1 —
u()('t)zuoT \/_T(Tl)e?/(m)
o

+ :—|(4t_)“’211”2erfc<%}, (22)
n=2 1

24t

or, in nondimensional form,
TRO—e | (1470
ux,t)y=e ‘| — —
I 20

S 2" Jhrn/2mn—2 x
+ x"tVeI" " c erf) —— |. 23
= I'(n+1) 24t (23)

—%%(4t)

If we expandF,(p) in a Maclaurin series, the product of these The power series expansion &f™ erfc(z) is given by[[12],

two functions can be written
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* _ k
zm erfc(z—imz (22 ey (24)
K= F(k+1)F(1+—)
2
which can be substituted into E(R3) to obtain
S 1 — X =
u(x,t)y=e Y} —=(1+2t) —x(4y
= e
v (C DS
2 F(n+ 1) Fonrny /2k2 n—k (25)
(k+l)r(7)

The triple factorial growth in the denominator of the double sum
is an indication of the negligible value of its contribution to the

solution. In terms of the original, dimensional variableandt,
this result is

E) e~ le(402 Tt)

ENE
k)(cif

The factore™Y” comes from the shift in Eq(7) when changing
the variable froms to p. Here it is more convenient to deal with
and plot the nondimensional E@®5), since a single set of curves
will quantitatively describe results for all dimensional valuesof
andt.

We note that, fon=m+2, the series in Eq(23) can be ex-
pressed as

t/T

u(x,t)y=uge"

1
a2 I'(n+1)

X
cyrt

=

™

O (k+ 1)r(

©

—

_— X
mzzo (2Xt) mz erfc(z),

Wherez=Y/(2\]ﬁ. A convenient way to evaluate the series is b
means of the recursion relati¢h2,14

m :i m-—2 _E m—1
7 Merfo(z) 7 erf(z) Z erfa(z).  (27)

Im p

+100

_——— > — - —

- R
P o ep

Fig. 1 The p-plane with the locations of
of steepest descents

Py, a, and the path C

1 t ) @
f(p)=;(p -1) t__p ~(p -1 1_5 ()

wherea=x/(ct), from which it follows that

5

T o

f(P)=2p—a=, (32)
T o

?f”(p):z 1+F (33)

The roots off ' (p) are the solutions of
2p%— ap?—a=0, (34)

which has no negative real roots. We note that

f'(1)=2-2a, f'(a)=ala®-1), f'(x)= (35)

There are various cases of interest. Assurme, in which case
the waveform that started &&0 has not yet reached the spatial
locationx, sincex>ct. In that case, from Eq35),

f'(1)<0, f'(a)>0, f'(*)>0, (36)

which, because of the sign change, implies a root betvpeef
and p=a. We denote that roop, (Fig. 1). Similarly, if o<1,
there is also a root betwegn=1 andp=«a, except that, in this

Yy

All m=1 terms can be expressed in terms of the first two by tf@S€.P=a andp=1 would exchange places in Fig. 1. In both

above relation, where the first two are

7 lerfdz)= —e %, ZO%erfoz)=erfdz). (28)

=
An Approximation

Another way to proceed with the inversion of H6) is to use
the change of variable fromto p given by

1+ rs=p?, (29)

which yields

1 1, X
u(x,t)=uomﬁex ;(p —1)(t—a)) pdp. (30)

In this integral L is a vertical path to the right of the origib, and
there are an essential singularitygt 0 and a branch point &
—1/7.

Let f(p) denote the function in the exponent of E§0),
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casesf’ (p0)>0 Thus the pattC of steepest descents is paraIIeI
to the imaginary axis. This path passes through and is
asymptotic to the imaginary axis f@— *. The portion of the
path that contributes most to the value of the integral is that near
the saddle poinpy. The other roots off’(p)=0 are complex
with negative real parts.

We now write the complex numbex in terms of its real and
imaginary parts,

p=potio, (37)
so that Eq(30) can be written
t)= ! ! +io)?—1]x|1
U(X, )7UO’7TiT Cex T[(pO IO-) ] Ct(po+|0’)
X(poFio)ido. (38)

We can then expand and approximate the exponential to obtain

do,  (39)

po t 2 o
u(x,t)wuoﬂ—r ex f(po)*;(r 1+E;
c’ 0

JANUARY 2002, Vol. 124 / 21



wherea=x/(ct). Thus,

ef(p0> + o0 >
u(x,t)~ug — f e Ado, (40)
where
f L. Hl1-2 41
(Po)= - (G- 1)| 1- (41)

andp is the root off'(p) =0 betweerp=1 andp= «. Since the
integral in Eq.(40) has the known valugz/A, we obtain as the

final result
[ Po
a+ pg

The dependence onappears only through, which is required to
find py. This solution is singular at=0, which is the time at
which the impulses(t) acts.

Equation(42) is also valid forae<<1. In that caseC’ does not
cross the essential singularity pt=0. However, Eq.(42) is not
valid for a=1. For this case, Eq34) implies

2p®—p?-1=0, (43)

which has one real roopy=1 and two complex roots -1
+iy3)/4. It is convenient for this case to use the changes
variable

poef( pO)

u(x,t)=~uq (a>1). (42)

Tt

p=1+v, (44)
which will have the effect of introducing a shift, and
=t'+ X 45
t=t'+ . (45)
With these changes of variables, E§0) becomes
_ 1 1 240 , X
U(X,t)—uom Lex ;(v +2v)X |t +E—m
X(1+v)dv. (46)
Forv <1, this integral simplifies to
Hioe 2v( - 2xv q .
u(x,t)~u02ﬂ_i7 . ex - t +T v. 47)
With the additional change of variable
\VeT
v= P , (48)
2
Equation(47) becomes
1 \er [+i= ,_[cp\dp
U(X, ) ~Ugs— - —— » ex;{xpﬂ \IT)Tp, (49)

which is in the form of an inverse Laplace transformxifil5,13.

Thus,
t 1 \/E£*l 1 —kyp 50
u(x,t)~uo7 \/ - \/_Ee , (50)

where
k=—t’ \f 51
= = (51)

Since this transform is tabulat¢d2], we obtain

. c ct’? 5
UOGD=Uo \ 77 &P ~ 2x |- (52)

However, sincex=1 (andx=ct), it therefore follows that
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eft/T

2
X
u(x,t)~ug—=—=ex fm), (53)
where we have included the V" factoring resulting from the
“shift.” This result coincides with the first term of Eq26) with
x=ct in the amplitude factor. Thus, the first two terms of the
earlier solution are the strongest contributors to the inversion in-

tegral[[16], Chap. 4.

Dispersion Relation
If we seek a solution of Eqda) in the form

u(x,t)=g'tx-et, (54)
wherek= w/c, we obtain the quadratic
w?+ (ivk?) w—k?c?=0, (55)
whose solutions are
w1 =+ K\ — (vk/2)2— i vK?/2. (56)

If c>vk/2 (or w7<2), the solutions are complex with a negative
imaginary part, as illustrated in Fig. 2. In this case, there is wave
propagation through the medium with an attenuation factor

e ”kzt’z, which reduces the wave amplitude with time. The second
pbssibility, c<vk/2 (or w7>2), is of no interest, since the so-
lutions are purely imaginary, and there is no wave propagation.
This situation then resembles ordinary diffusion.

Equation(55) can also be written in terms ef= v/c?, in which
case

w?=(kc)X(1-iwT), (57)
which can be solved fok:
w
k= ———=V1+i 58
cVl+(wr)? T (58)
:ﬁ[\/\/l-l‘(a)ﬂz-%l-ﬂ\/\/1+(w7)2—1].

(59)

If we now express this complex propagation constant in the usual
form

(l) .
k=—+ia,
Cp
wherec,, is the phase velocity, and is the attenuation, we obtain

C\/E\/l-i-(an')2

s — (61)

V \/l+(w7')2+1,

(60)

o W1 .
a_C\/E. Vit (w7)? . (62)
YIm w
" T ~ Re w
*‘ k\/c? — (vk/2)?~ vk?/2
(:)2 -‘:)1

Fig. 2 The  solutions of the dispersion relation
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We can also write the attenuation facterin terms of the phase 4v13C2 (x—ct)?
locity: \—— -+ ...
velocity u(x,t)t:cuo o exr{ 813 (66)
\/1+(w7)§*1
as——. (63) We note that, in[9], the factor 4/3c?> has been erroneously
p

placed in the numerator of the radical. It follows that the
We state for completeness that, for harmonic processes, #®/mptotic expansion for the inversion integra[ @} can also be
solution of Eq.(1) can be written as obtained from the first term of our complete analytic solution after
U(x,t) =~ e i@(t=xcy) (64) the correction of the minor algebraic error and deletingeth¥”
' ' factor. It is also well-known that a function of the form
wherea andc, are given in Eqs(63) and (62), respectively. In
the common case of weak absorption, the pertinent region of va- ug/c
lidity reduces fromwr <2 to wr <1, and thenk— w/c, and « W
—w?7/(2¢), which are in agreement with Malecki’s resufs]
expressed in a different form. One could also see how the solutisatisfies the heat equation
in Eq. (64) could be used to recover the impulsive excitation at the )
origin in the transient case discussed initially. U= C”TUyy (67)

ef(xfx’)2/(4czrt)

with x" =ct. It is then clear why a solution of the heat equation is
a good approximation to the solution of Ed) for larget [6].
Numerical Results and Discussion An asymptotic approximation of the inversion integral $onall

We have obtained both exact and approximate solutions for l{&:?ealsrfiebi eﬁtiﬁgti%f;??nﬂéﬁgﬁeggnd term of our series solution.
propagation behavior of a delta function pulse that travels in write 1t 1 : '
viscous and dispersive medium obeying a general boundary and

2
vISe . | OO . UoX X
initial value problem governed by a third-order partial differential u(x,t) — —Oex;{ ———_|+..., (68
equation. The exact solution was obtained by operational meth- toN2m(4vi3)t3? 2(4vI3)t (68)

ods, where the resulting infinite series was expressed in terms of . .

repeated integrals of the complementary error function. It was al@g€Sult which does seem to be available elsewhere. The two asyp-
shown how to transform this series into a rapidly convergefitotic expansions in Eq$65) and (68) have the same structure
power series. and have amplitudes proportional to*? and its derivativet ~%/?

The approximate solution was found independently by tHer large and smalt, respectively. The double series in the solu-
method of stationary phase. It agrees exactly with the first term &0, Eq.(26), seems to affect the intermediate region away from
the series solution found before. t=0 ort=c only slightly. _ _ _

We return to Eq(52), which was already seen to agree with the We display these results in several plots involving the nondi-
first term of the exact series solution. Using the shift in @) Mensional solution presented in E@5). In Fig. 3 is shown a

and changing our notation farto that of Lagerstroni9] yields ~ contour plot of the first two term@mitting the double suirof the
expression for the nondimensional fluid particle veloaityde-

Ug (x—ct)? notedubar in the figure vs. nondimensional distancébar from
u(x,t)%mex 83 |’ (65)  the origin and nondimensional timbar. In Figs. 4 and 5, we

show various cuts taken from Fig. 3. In Fig. 4, nondimensional
We compare this term to the asymptotic expansion for the inverelocity is plotted vs. nondimensional time for several values of
sion integral, Eq(6), given by Lagerstroni9] [i.e., Eq.(2.212), leading nondimensional distance. In Fig. 5, nondimensional veloc-

p. 50| for large values of: ity is plotted vs. nondimensional distance for several values of
4 T T T T T T T T T
R
35F ubar 005 4
3t B
Si

Fig. 3 Contour plot of nondimensional veloc-
ity vs. nondimensional distance and time. The
numbers along the curves are the constant val-
ues of “ubar” along each curve.

Nondimensional time (tbar)
o
[N o
T T
\07\
7]
N
} p
-
2 )
o
\0
\0 o5
1 1

Nondimensional distance (xbar)
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i AN
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_g’ ----------- xbar=2.0
~ 020 e xbar=2.5 1
>\ ",
= N
g A R xbar=3.0
o N R
2 . ot xbar=4.0 1 Fig. 4 Plot of the nondimensional velocity
= 015 : . X "
s} I — (ubar) vs. nondimensional time (tbar) for sev-
< xbar=5.0 . . ;
2 eral values of the nondimensional distance
& (xbar).
E o010
©
c
o
- o L e
0.05
0.00
0 1 2 3 4 5
Nondimensional time (tbar)
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~. — tbar=0.5
0.25 \\\ ---- tbar=1.0 T
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Nondimensional velocity (ubar)

0.15 4 Fig. 5 Plot of nondimensional velocity vs.
nondimensional distance for several values of
______ nondimensional time
0.10 ~
\;\\\ 1
0.05 \ffii\\ A
]
0.00 1 A
0 1 4 5
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nondimensional time. All three plots show that, as the initial imReferences
pulsg ad\(ances either in time or space, Its peak am_p“t_Ude decayﬁ’] Stokes, G. G., 1845, “On the Theories of the Internal Friction of Fluids in
and its width broadens, as would be expected qualitatively. HOW-  wmotion and of the Equilibrium and Motion of Elastic Solids,” Trans. Cam-

ever, the formulas derive@long with their corresponding plots bridge Philos. Soc8, pp. 287-319.
represent guantitative evaluation of the anticipated effects of [2] Lamb, H., 1945Hydrodynamicssixth edition, Dover Publications, Inc., Mi-
viscosity and dispersion. neola, New York.

Thus, we have analytically and quantitatively described the del3! ’l‘D"a'ec"g '-f’ zgf"jlhyzica' Foundations of Technical Acousfiéergamon
. X =Y . ress, Oxford, England.
Cayda:]dd bgoagenkmg, O]; Impl'"lsebs pr(épagé.ltl.n.glm V|ISCOUS tr)]l’]edlal aﬁl] Officer, C., 1958]ntroduction to the Theory of Sound TransmissibttGraw-
modeled by Stokes’ classical boundary-initial value problem. In"™ 'acs oo mo 0 P vork.
the process, we have obtained asymptotic expansions of the solys) morse, P. M., and Ingard, K. U., 1968heoretical AcousticsMcGraw-Hil

tion valid for both large and small time. Book Company, Inc., New York.
[6] Blackstock, D. T., 1967, “Transient Solution for Sound Radiated into a Vis-
Acknowledgment cous Fluid,” J. Acoust. Soc. Am41, pp. 1312-1319.

[7] Ludwig, R., and Levin, P. L., 1995, “Analytical and Numerical Treatment of

We gratefu”y aCknOWledge the partlal support of the In-house Pulsed Wave Propagation into a Viscous Fluid,” IEEE Trans. Ultrason. Ferro-

Laboratory Independent Resear@hIR) program of the Naval electr. Freq. Controk2, pp. 789—792.
Surface Warfare Center, Carderock D|Y|3|Oﬂ‘SWCCD, and of [8] Szabo, T. L., 1968, “Lumped-Element Transmission-Line Analog of Sound in
the Army Research Laboratory, Adelphi, MD. a Viscous Medium,” J. Acoust. Soc. Am¥5, pp. 124—130.

24 | Vol. 124, JANUARY 2002 Transactions of the ASME



[9] Lagerstrom, P. A., Cole, J. D., and Trilling, L., 1949, “Problems in the Theory[13] Erdelyi, A., Magnus, W., Oberhettinger, F., and Tricomi, F. G., 19%&les of

of Viscous Compressible Fluids,” Technical Report, Guggenheim Aeronautical Integral TransformsVolumes | and 1I, McGraw-Hill, Inc., New York.
Laboratory, California Institute of Technology, Pasadena, CA. [14] Hartree, D. R., 1935, “Some Properties and Applications of the Repeated

[10] Jackson, J. D., 196Zlassical Electrodynami¢slohn Wiley and Sons, Inc., Integrals of the Error Function,” Proceedings of the Manchester Literary and
New York. Philosophical Society80, pp. 85-102.

[11] Weymann, H. D., 1967, “Finite Speed of Propagation in Heat Conduction[15] Carslaw, H. S., and Jaeger, J. C., 199perational Methods in Applied Math-
Diffusion and Viscous Shear Motion,” Am. J. Phy85, pp. 488—496. ematics Clarendon Press, Oxford, England.

[12] Abramowitz, M., and Stegun, I., eds. 1964andbook of Mathematical Func- [16] Brekhovskikh, L. M., 1960Waves in Layered MedigAcademic Press, Inc.,
tions U.S. Government Printing Office, Washington, DC. New York.

Journal of Vibration and Acoustics JANUARY 2002, Vol. 124 / 25



