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G. C. Gaunaurda)

Army Research Laboratory, 2800 Powder Mill Road, Adelphi, Maryland 20783-1197

G. C. Everstineb)

Naval Surface Warfare Center, Carderock Division, Bethesda, Maryland 20817-5700

~Received 26 January 2002; accepted for publication 4 November 2002!

This work extends a mathematical approach developed recently for monopoles to describe the sound
energy radiated by a rectilinearly moving dipole that changes direction along its trajectory. Although
the dipole travels with constant speed, it undergoes acceleration by reversing its direction during a
finite time interval along its path. This work determines the joint angular and frequency distribution
of the radiated energy, its angular distribution, and the total radiated energy output. Results for the
radiated energy are systematized by expressing the radiation integrals in terms of hypergeometric
functions. This procedure simplifies the evaluations, particularly at low Mach numbers, and permits
the comparison of results to the earlier monopole case.@DOI: 10.1121/1.1532031#

PACS numbers: 43.20.Px, 43.20.Rz@MO#
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I. INTRODUCTION

There are various situations involving the rectilinear m
tion of multipole sources that generate still unexamined
diation fields. Those situations in which the multipole und
goes acceleration only through a finite portion of its strai
path are of particular interest. Some of these situations w
considered in a recent paper1 for monopole sources. Thi
paper extends the mathematical analysis of a point acou
dipole that reverses direction along its rectilinear path.

A traditional model for the sound field radiated by
rigid body moving slowly and uniformly through a fluid i
that of a moving point dipole with the dipole axis in th
direction of motion.2,3 Today it is known that such a model
too simple4 and requires correction. The effect of motion
far more complicated, and that effect does not involve j
Doppler factors.5–7 It has been shown that there is ampli
cation in a direction normal to the source motion and t
there is an additional omnidirectional term in the sound fie
However, analyses that follow the traditional model are s
very useful and form a good basis for the investigation
more complicated situations. Such situations can be dec
posed into simpler cases such as the point-dipole ana
presented here. There are moving bodies that can rev
their rectilinear direction of motion in very small distance1

The next section attempts to provide an analytical predic
for the sound energy radiated during one such turn-aro
maneuver without dealing with the corrections introduced
the finite size of these bodies.

II. ENERGY RADIATION FROM A POINT DIPOLE WITH
A FINITE PERIOD OF UNSTEADY RECTILINEAR
MOTION

Consider a dipole source of strengtha moving in a
rectilinear path, as shown in Fig. 1. The motion starts ax
52` when t52`. It then moves forward along th

a!Electronic mail: GGaunaurd@arl.army.mil
b!Current affiliation: Consultant, Gaithersburg, MD.
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x-direction with constant speedv0 . It subsequently slows
down to zero speed whent50 at x50, and finally, it turns
around and reverses its earlier motion and continues tx
52` for t5` with the same constant speedv0 . Since the
rectilinear motion is in one dimension, this figure shows tw
~upper and lower! paths of motion for clarity only.

The positionxs(t), speedvs(t), and accelerationv̇s(t)
of a point dipole which moves along the half-line2`,x
,0 are given, respectively, by

xs~ t !5H v0~ t1t22t/p!, 2`,t,2t,

2v0~t/p!@cos~pt/2t!21#, 2t,t,t,

v0~2t1t22t/p!, t,t,`,

~1!

vs~ t !5H v0 , 2`,t,2t,

2v0 sin~pt/2t!, 2t,t,t,

2v0 , t,t,`,

~2!

v̇s~ t !5H 0, 2`,t,2t,

2@v0p/~2t!#cos~pt/2t!, 2t,t,t,

0, t,t,`.

~3!

Sound radiation will occur forutu,t, which is the time in-
terval in which the dipole changes direction, and there i
nonvanishing acceleration.

The governing inhomogeneous wave equation in t
case is

S ¹22
1

c2

]2

]t2Df~r ,t !52
1

r0
Q~r ,t !

52
a

r0
ẋs~ t !

]

]x
d@x2xs~ t !#, ~4!

wherec is the sound speed,r0 is the equilibrium density of
the medium, andd is the Dirac delta function~see Appendix
735(2)/735/6/$19.00
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A for more details!. The directional distribution of the radi
ated energyẼ(n) is known1 to be

Ẽ~n!5E
2`

`

E~n,v!dv, ~5!

wherev is the circular frequency of the dipole, andE(n,v)
is the directional distribution of the radiated energy spectr
given by1,8–10

E~n,v!5
v2

2pr0c~4p!2 U E
2`

`

Q~r ,t !eiv~ t2n"r /c! dr dtU2

.

~6!

Heren is an arbitrary unit vector in some direction.
The corresponding radiation field integral in the abo

equation, henceforth denotedJR , is obtained by substituting
Q(r ,t) from Eq. ~4!:

JR5E
2`

`

Q~r ,t !eiv~ t2n"r /c! dr dt ~7!

5aE
2`

`

ẋs~ t !eivt dtE
2`

` ]

]x
@d~x2xs~ t !!#e2 ivn"r /c dr ~8!

5 ia
v

c
cosuE

2`

`

ẋs~ t !eiv@ t2~cosuxs~ t !/c!# dt. ~9!

This integration can be split into three regimes similar
those in a recent paper,1 viz.,

JR5v0E
2`

2t

eiv@ t2M cosu~ t1t22t/p!# dt ~10!

2v0E
2t

t

sin~pt/2t!eiv@ t2~2Mt/p!cosu~cos~pt/2t!21!# dt

~11!

2v0E
t

`

eiv@ t2M cosu~2t1t22t/p!# dt, ~12!

where the Mach number isM5v0 /c. The above integrals
lead to expressions containing delta functions, which
then be discarded by noticing thatvd~v!50. Then, after in-
tegrating by parts, we obtain

JR52
pv0

2v2t
e2i ~vt/p!M cosu

3E
2p/2

p/2

e~2ivt/p!~s2M cosu coss!

3
sins1M cosu~112 cos2 s!

~11M cosu sins!4 ds, ~13!

where the normalized times5pt/(2t) has been introduced

FIG. 1. An acoustic point dipole in rectilinear motion exhibiting a change
direction aroundt50.
736 J. Acoust. Soc. Am., Vol. 113, No. 2, February 2003 G. C. Ga
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Substitution of this result into Eq.~6! then yields
E(n,v) in the form

E~n,v!5
a2 cos2 u

2pr0c3~4p!2

p2v0
2

4t2

3U E
2p/2

p/2

e~2ivt/p!~s2M cosu coss!

3
sins1M cosu~112 cos2 s!

~11M cosu sins!4 dsU2

. ~14!

Integration over all frequencies eventually yields the angu
distribution of the radiated energy from the moving dipo
viz.,

Ě~u!5
pa2M2 cos2 u

128r0ct3

3E
2p/2

p/2 @sins1M cosu~112 cos2 s!#2

~11M cosu sins!9 ds. ~15!

The joint angular and temporal distribution of the rad
ated energy, which could also be called the instantane
angular distribution of the radiated energy, is deno
Ê(u,s) and is given in nondimensional form by

128r0ct3

pa2 Ê~u,s!5M2 cos2 u

3
@sins1M cosu~112 cos2 s!#2

~11M cosu sins!9 .

~16!

Since there is a nonvanishing acceleration only within
interval2t,t,t, integration of Eq.~16! overs from 2p/2
to p/2 recovers the result indicated in Eq.~15! for the angu-
lar distribution Ě(u). Since the evaluation of this gener
result, as seen below, is quite cumbersome, Table I illustr
some particular relevant cases~also see Fig. 1!.

These angular patterns are displayed in Figs. 2, 3, an
for Mach numbers fromM50.10 toM50.25. Note the dif-
ferent scales used in the figures. Also note that Figs. 2, 3,
4 are mirror reflections of each other about the planeu5p,
which is an indication that the forward~or backward! radia-
tion lobes reverse positions at the start and end of
acceleration-change interval. At their peaks, the lobes
Figs. 3 and 4 have amplitudes about an order of magnit
larger than either before or after the acceleration underw
changes~Fig. 2!, in agreement with expectations.

An integration of Eq.~16! over u yields Ē(s), which
has three terms:

f

TABLE I. Cases plotted in the figures.

Location Timet Right side of Eq.~16! s Figure

Before change in direction22t 9M4 cos4 u 2p 2
At start of change 2t M2 cos2 u/(12M cosu)7 2p/2 3
Middle of change 0 9M4 cos4 u 0 2
End of change t M2 cos2 u/(11M cosu)7 p/2 4
After change in direction 2t 9M4 cos4 u p 2
unaurd and G. C. Everstine: Energy radiated by point acoustic dipole



uch
ex-

q.

th

th
a-

the
er,
128r0ct3

pa2 Ē~s!52pE
0

p 128r0ct3

pa2 Ê~u,s!sinu du

52pM2 sin2 sE
0

p cos2 u sinu du

~11M cosu sins!9

14pM3 sins~322 sin2 s!

3E
0

p cos3 u sinu du

~11M cosu sins!9

12pM4~322 sin2 s!2

3E
0

p cos4 u sinu du

~11M cosu sins!9 . ~17!

The transformation x5cosu and the relabeling N
52M sins recasts Eq.~17! in the form

FIG. 2. Angular distribution of the instantaneously radiated energy from
moving dipole at timet522t, 0, and 2t for Mach numbers fromM
50.10 toM50.25.

FIG. 3. Angular distribution of the instantaneously radiated energy from
moving dipole at timet52t, when the dipole begins its turn-around m
neuver, for Mach numbers fromM50.10 toM50.25.
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128r0ct3

pa2 Ē~s!52pM2 sin2 sE
21

1 x2 dx

~12Nx!9

14pM3 sins~322 sin2 s!

3E
21

1 x3 dx

~12Nx!9 12pM4~322 sin2 s!2

3E
21

1 x4 dx

~12Nx!9 . ~18!

These three integrals can be evaluated exactly, but s
evaluation leads to quite cumbersome expressions. For
ample, it has been shown11 that, for any polynomialP(x) of
degree less thann,

E
21

1 P~x!dx

~12Nx!n 5 (
k50

n22

AkF 1

~12N!n2k212
1

~11N!n2k21G
1An21 lnS 12N

11ND , ~19!

where

Ak5
~21!k11

Nk11k! FdkP~x!

dxk G
x51/N

, k50,1,2,...,n21. ~20!

The application of this result to the last of the integrals in E
~18! yields the expression

E
21

1 x4 dx

~12Nx!9 5
1

N5 H 1

8 F 1

~12N!82
1

~11N!8G
2

4

7 F 1

~12N!72
1

~11N!7G1F 1

~12N!6

2
1

~11N!6G2
4

5 F 1

~12N!52
1

~11N!5G
1

1

4 F 1

~12N!42
1

~11N!4G J . ~21!

e

e

FIG. 4. Angular distribution of the instantaneously radiated energy from
moving dipole at timet5t, when the dipole ends its turn-around maneuv
for Mach numbers fromM50.10 toM50.25.
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Similar results could be obtained for the other two integra
Since these exact expressions are not easily amenab
expansion in powers ofN, we take instead a different ap
proach.

SinceN52M sins, it is clear thatĒ(s), in general, is
a very complicated function ofs. However, these integral
can also be evaluated in terms of a particular form of
Gauss hypergeometric function

E
0

1 xs21 dx

~11bx!n 5
1

s
F~n,s;11s;2b!, ~22!

whereF(a,b;c;x) is the Gauss hypergeometric function12

The last of the integrals in Eq.~18! is then

E
21

1 x4 dx

~12Nx!9 5E
0

1 x4 dx

~11Nx!9 1E
0

1 x4 dx

~12Nx!9

5 1
5@F~9,5;6;2N!1F~9,5;6;N!#

' 2
5~11 225

7 N21¯ !. ~23!

Similarly, the other two integrals reduce to

E
21

1 x3 dx

~12Nx!9 '
1

2
~1130N21¯ !, ~24!

E
21

1 x2 dx

~12Nx!9 '
2

3
~1127N21¯ !, ~25!

where the hypergeometric functions have been expande
terms of the standard hypergeometric series.12,13

It then follows from Eq.~18! that

128r0ct3

pa2 Ē~s!5
4p

3
M2 sin2 s~1127M2 sin2 s1¯ !

12pM3 sins~322 sin2 s!

3~1130M2 sin2 s1¯ !1
4p

5
M4

3~322 sin2 s!2~11 225
7 M2 sin2 s1¯ !

1¯ . ~26!

Sinces5pt/(2t), Eq. ~26! can also be viewed as descri
738 J. Acoust. Soc. Am., Vol. 113, No. 2, February 2003 G. C. Ga
.
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e

in

ing the complicated temporal distribution or instantaneo
energy radiated at timet by the dipole. To verify this in-
terpretation, we note that, fort5t, for example, one has
s5p/2, in which case Eq.~26! reduces~up to orderM2)
to

128r0ct3

pa2 ĒS p

2 D'
4p

3
M2. ~27!

The angular distribution entry in Table I fort5t is

128r0ct3

pa2 E~ t5t!5
M2 cos2 u

~11M cosu!7 . ~28!

If we then integrate over allu and retain only terms of
O(M2), we find that

128r0ct3

pa2 E~ t5t!52pM2E
0

p cos2 u sinu du

~11M cosu!7

'4pM2/3, ~29!

which agrees with Eq.~27!. For slow motions~i.e., M2

!1), Eq. ~26! reduces to its first term, in which case, fo
any t,

ĒS pt

2t D5
p2a2M2

96r0ct3 sin2S pt

2t D . ~30!

Returning to the direct evaluation of Eq.~15!, the evalu-
ation of the total energy output from the motion is the mo
important result. Its explicit evaluation is possible based
the double integral
I 5E
0

p

sinu cos2 u duE
2p/2

p/2 sin2 s12M cosu sins~322 sin2 s!1M2 cos2 u~322 sin2 s!2

~11M cosu sins!9 ds, ~31!
which can be split into the three integrals

I 5I 11I 21I 3 , ~32!

where

I 15E
0

p

sinu duE
2p/2

p/2 cos2 u sin2 s

~11M cosu sins!9 ds, ~33!
I 2 /~2M !5E
0

p

sinu cos2 u duE
2p/2

p/2

~322 sin2 s!

3
cosu sins

~11M cosu sins!9 ds, ~34!

I 3 /M25E
0

p

sinu cos4 u duE
2p/2

p/2 ~322 sin2 s!2

~11M cosu sins!9 ds.

~35!
unaurd and G. C. Everstine: Energy radiated by point acoustic dipole
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The last three integrals (I 1 ,I 2 ,I 3) can be reduced to th
sum of simpler integrals by successive integrations by pa
the details of which are given in Appendix B. The result
this simplification is

I 5I 11I 21I 35
2p

3 S 11
621

40
M21¯ D , ~36!

and the total energy radiated by the dipole is

Edip52pE
0

p

Ě~u!sinu du

5
p2M2a2

128r0ct3 I

5
p3M2a2

192r0ct3 S 11
621

40
M21¯ D , M!1. ~37!

It would be possible to obtain more terms by keepi
them in the expression for the hypergeometric series.
small Mach numbers, the above result suffices. For a v
slow motion limit ~i.e., M→0), the above result can be com
pared to that of a monopole source of strengthq undergoing
the same motion.1 This result was

Emon→
q2M2p

48r0ct
. ~38!

Therefore, the ratio of the radiated energies in these
cases is

lim
M→0

Edip

Emon
5S pa

2qt D 2

. ~39!

Thus, the ratio of radiated energies is directly proportiona
the square of the ratio of their strengths and inversely p
portional to the square of the finite time-span during wh
both multipoles are changing direction.

Additional comparisons of methods used here are p
sible now. For a slow motion~i.e., M!1), the right-hand
side of Eq.~26! reduces to its first term. Integration overs
then yields

128r0ct3

pa2 Edip →
M!1

4p

3
M2E

2p/2

p/2

sin2 s ds52p2M2/3

~40!

or

Edip→
p3M2a2

192r0ct3 , ~41!

which agrees with the approach that led to Eq.~37! for small
M. It was found earlier that, fort50, Eq.~16! produced the
angular pattern

128r0ct3

pa2 Ê~u,s50!59M4 cos2 u, ~42!

and when this expression is integrated over allu, the result-
ing energy is

Edip52pE
0

p

9M4 cos4 u sinu du536pM4/5. ~43!
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In this same case, the method that led to Eq.~26! yields

Edip →
s→0

2p~ 2
5!M

4
•9536pM4/5, ~44!

which is also in agreement with the previous method abo

III. CONCLUDING REMARKS

The angular distribution of the energy spectrum, the
gular distribution of the radiated acoustic energy, and
total radiated energy output of the dipole undergoing the r
tilinear motion described in Eq.~1! have been obtained. Th
evaluation of the integrals is performed in terms of hyp
geometric functions. The results are approximated for l
Mach number values. A comparison with an analogous re
for a monopole undergoing the same ‘‘partially accelerate
motion is obtained. Some angular distribution patterns of
radiated energy are plotted for some particular cases.
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APPENDIX A

If n denotes an arbitrarily oriented unit vector anddVn

the element of solid angle aboutn, then the relations1,8–11

P~ t !5E Q~r ,t !
]f

]t
dr5E P~n,t !dVn ~A1!

and

P~n,t !52
1

16r0cp2 E
2`

`

Q~r ,t !Q~r 8,t8!

3d9S t82t1
n

c
"~r2r 8! Ddr dr 8 dt8 ~A2!

specify the overall instantaneous powerP(t) radiated from
the source into its surroundings and the amountP(n,t) radi-
ated along the givenn direction. It then follows that the
expressions

E~n!5E
2`

`

P~n,t !dt

52
1

16r0cp2 E
2`

`

Q~r ,t !Q~r 8,t8!

3d9S t82t1
n

c
"~r2r 8! Ddr dr 8 dt dt8 ~A3!

5E
2`

`

E~n,v!dv5Ě~u!5E
2`

`

Ê~u,s!ds

and

E~n,v!5
v2

2pr0c~4p!2 U E
2`

`

Q~r ,t !eiv~ t2n"r /c! dr dtU2

~A4!

describe the angular distribution and frequency distribut
of the radiated energy. The particular source function
739and G. C. Everstine: Energy radiated by point acoustic dipole
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Q~r ,t !5a ẋs~ t !
]

]x
d@x2xs~ t !# ~A5!

pertains to a point dipole in motion with colinear axis, as
used in Eq.~4!.

APPENDIX B

Here we show the details for the simplification of th
integrals in Eqs.~33!, ~34!, and~35!. Each of these integral
can be reduced to the sum of simpler integrals by succes
integrations by parts. Intermediate results are

I 15
4

21

d2

dM2 F E
2p/2

p/2 S 1

D62
1

D5 1
3

16D4DdsG , ~B1!

where

D512M2 sin2 s, ~B2!

and

I 2 /~2M !52
1

210

d2

dM2 F S 3M2
2

M D E
0

p/2S 80

D62
48

D5 1
3

D4D
3ds1

2

M E
0

p/2S 80

D52
48

D4 1
3

D3DdsG , ~B3!

I 3 /M25
4

35

d

dM H M F63E
0

p/2 ds

D7 1~234M2284!

3E
0

p/2 sin2 s ds

D7 1~63M42312M2128!

3E
0

p/2 sin4 s ds

D7 1~104M2284M4!

3E
0

p/2 sin6 s ds

D7 128M4E
0

p/2 sin8 s ds

D7 G J . ~B4!

The above integrals all admit representations in term
hypergeometric functions13 of argumentM2. The pertinent
relation is14

Ha,n~M2!5E
0

p/2 sin2n s ds

~12M2 sin2 s!a

5
G~n1 1

2!Ap

2G~n11!
F~a,n11/2;n11;M2!, ~B5!

whereF is the hypergeometric function, andG is the gamma
function. The above integrals can thus be reduced to the f

I 15
8

21

d2

dM2 S H6,02H5,01
3

16
H4,0D , ~B6!

I 2 /M52
1

210

d2

dM2 F S 3M2
2

M D ~80H6,0248H5,013H4,0!

1
2

M
~80H5,0248H4,013H3,0!G , ~B7!
740 J. Acoust. Soc. Am., Vol. 113, No. 2, February 2003 G. C. Ga
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m

I 3 /M25
4

35

d

dM
$M @63H7,01~234M2284!H7,1

1~63M42312M2128!H7,2

1~104M2284M4!H7,3128M4H7,4#%. ~B8!

This is a convenient form in which to express the solutio
since, using the hypergeometric series13

F~a,n11/2;n11;M2!

511
a~n1 1

2!

1!~n11!
M21

a~a11!~n1 3
2!~n1 1

2!

2!~n11!~n12!
M41¯ ,

~B9!

all the integrals can be expressed in terms of even power
the Mach numberM. Therefore,

I 15
p

3 S 11
81

4
M21¯ D , ~B10!

I 25
p

3 S 11
27

5
M21¯ D , ~B11!

I 35
p

3 S 27

5
M21

675

14
M41¯ D . ~B12!
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