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It is well known that at extremely high or low frequencies, the fluid-structure interaction effects
can be represented asymptotically by simple equations. Thus, it appears that an optimum
computation scheme for predicting acoustic pressure field radiated from a submerged elastic
structure could be a combination of various asymptotic theories and the exact formulation. This
paper explores the ranges of applicability of some asymptotic theories, using the problem of
radiation from a spherical elastic shell as the bench mark. It is found that the “added mass” and
“plane-wave” approximations are quite adequate, respectively, for kaz < 1.0 and ka > 5, where ka
is the ratio of the circumference of the spherical shell to the acoustic wavelength. For the
intermediate frequency range, a theory termed second-order Doubly Asymptotic Approximation
(DAA2)is suitable. At intermediate frequencies near resonances, however, the exact formulation

is needed.

PACS numbers: 43.20.Rz, 43 20.Bi, 43.20.Fn
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lNTRODUCT!ON

. To predict the acoustic radiation pressure field from a
submerged elastic structure excited by internal forces, it is,
in general, necessary to simultaneously solve the dynamic
structural response problem and the acoustic problem of the
" surrounding acoustic fluid medium due to the fluid—struc-
ture interaction. The exact mathematical formulation of the
steady-state problem often uses the Helmholtz integral or
the simple source integral representation of the solution to
the wave equation for the surrounding acoustic medium.
This integral equation at the fluid—structure interface, to-
gether with the equation of motion of the structure, form the
simultaneous set to be solved numerically. The pressure and
acceleration distributions on the fluid-structure interface
have to be first obtained prior to the calculation of the far-
field quantities. The bulk of computation lies in obtaining
the surface distributions and the farfield calculation is rather
straightforward. Above a certain critical frequency, depend-
ing only on the geometrical shape of the radiator, numerical
trouble and nonuniqueness of the results are expected due to
the “internal resonance” of the surface integral equation. To
overcome this difficulty, an additional integral equation is
required, which increases the computation difficulty and ef-
fort. It is well known in acoustic theory, however, that at
very low or high frequency, the fluid—structure interaction
can be accurately represented by simple asymptotic relations
and the exact formulation is not necessary. Thus, it appears
that an optimum computation scheme could be a combina-
tion of various asymptotic fluid—structure theories and the
exact formulation for the computation of the distribution of
pressure and acceleration on the fluid-structure interface
and therefrom the farfield is obtained by integrating the
Helmholtz integral. This paper explores the ranges of appli-
cability of these asymptotic theories, using the problem of
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the acoustic radiation from a spherical clastic shell as the
bench mark. It is found, as anticipated, that the simple “add-
ed mass” and “plane-wave” approximations are quite ade-
quate, respectively, for very low- and high-frequency situa-
tions. For the intermediate frequency range, a theory termed
the second-order Doubly Asymptotic Approximation

(DAAZ2)is suitable. At intermediate frequencies near reson-
ances, however, the exact formulation is indispensable.

I. THE APPROXIMATE PREDICTION SCHEME

The mathematical formulation for the acoustic radi-
ation problem in the frequency domain is discussed here for
an isotropic homogeneous acoustic medium. The pressure
radiated by the elastic structure is governed by the Helm-
holtz wave equation

Vi +k*p =0, ' (1)
where V2 is the Laplace operator, k = w/c, o is the angular
frequency, and ¢ is the sound speed of the acoustic medium.
The radiated pressure must satisfy the radiation condition at
farfield and the boundary condition at the fluid-structure
interface S

_§£_ = po’w, : 2)

on
where p is the mass density of the acoustic medium, # is the
normal at.S directing into the acoustic medium, and w is the
normal component of the displacement of the structure at S.
Let r be the position vector of a field point (observation point)
Pon Sorinspace, r' be the position vector of a source point
(integration point) Qon S, rpy =1’ —r,andr = |rpg|. If Sis
piecewise smooth and P is exterior to S, it has been shown
that, e.g.,'?
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If the distributions of the pressure p and its normal deriva-
tive on § are known, the radiated pressure field in space can
be readily evaluated by integrating the Helmholtz integralin
Eq. (3). For the radiation problem in general, however, these
surface distributions are unknown and need to be solved for
as an interaction problem. Equations (2) and (4) constitute a
relation between the pressure acting on the structure and the
structural normal acceleration at the fluid-structure inter-
face. This, together with the equation of motion of the elastic
structure, form the governing system for the interaction
problem. For numerical computation, Eq. (4) is discretized
into a matrix equation. The coefficients of the matrices are
frequency dependent. It is known'" that at the “internal
resonance” frequencies, Eq. (4) does not provide a unique
pressure to normal acceleration relationship. These “inter-
nal resonance” frequencies depend only on the shape of the
radiator and are entirely unrelated to the exterior radiation
problemn. They begin to come into play from the middle fre-
quency range on and are usually densely populated.! To
overcome this difficulty, an additional integral equation is
required to ensure the uniqueness of the solution and thus
the computation effort is very much increased.

It is also well known in the acoustic radiation theory
that the surface presssure-acceleration relation can he accur-
ately represented by simple equations asymptotically for
very high and very low frequencies. Recently, an approxima-
tion theory>~’ emerged to bridge the high- and low-frequen-
Cy approximations. This theory provides a hierarchy of for-
mulas which approach exactness in the limit of high- and
low-frequency and effect a smooth transition in the interme-
diatc frequency range. It is therefore termed the doubly
asymptotic approximation (DAA).* The DAA family of for-
mulas can also be derived directly from Eq. (4) in "the
matched asymptotic expansion sense.® Replacing Eq. (4) by
these asymptotic formulas, the “internal resonance” prob-
lem disappears and the computation effort for the interac-
tion problem could be much reduced.

The equation of motion of an elastic structure can be
written in the following matrix form®

(—®M —iwC+K)x=f,, — GAzp, (5)

where x is the structural displacement vector, / =y — 1 , M,
C, and K are'the structural mass, damping, and stiffness
matrices, respectively, 4 - is a diagonal area matrix for the
fluid-structure interface, G is a transformation matrix relat-
ing the external pressure on interface to the forces on the
structure, and f;,, is the known internal force vector. Practi-
cal doubly asymptotic approximations are encompassed in
the following second-order (DAA2) matrix formula® which
is an approximate surface pressure-acceleration relation

(= @’M; — iwpcd; + pc2,A,)p
= pew’(ioM; — 02,M,)G x, (6)
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where M, and 12 are, respectively, the fluid added mass and
frequency matrix pertaining to S; and G7 is a transformation
matrix relating the structural displacement to the normal
displacement at S. The method for obtaining M, - and £2; and
their physical significancy have been propounded in Ref. 5.
These matrices are frequency independent. If 2, =0,Eq.(5)
reduces to the first-order doubly asymptotic approximation
(DAA1) formula

(foM; — pcd,)p = pcw®M, G x. 7
For very high-frequency interaction, Eq. (7) approaches the
plane-wave approximation (PWA):

= — iwpcGTx (8)

and for very low-frequency interaction the added mass
(AMA) approximation

App = — &*MG x. (9)

The proposed approximate prediction scheme here is to re-
place Eq. (4) by any of Eqs. (6)(9) for the determination of
the surface distributions of pressure and normal accelera-
tion. The results are then used as inputs in Eq. (3) to calculate
the farfield radiation pressure by numerical quadratures.

Il. THE BENCHMARK PROBLEM

The range of applicability of this approximate scheme is
explored by the comparison of results to an exact analysis of
the sound radiation from a submerged spherical elastic shell
excited by internally distributed dynamic loads. Figure 1
sketches the geometry of the benchmark problem. R and 6
are spherical radial and polar coordinates whose origin coin-
cides with the center of the spherical shell. All quantities are
considered to be independent of the azimuthal angle, i.e., the
axisymmetric problem is considered. The uniformly distrib-
uted excitation pressure p'™ = p, exp( — iwt ) subtends a po-
lar angle 0<#<a and ¢ designates time. The shell is made of
an isotropic elastic material with Young’s modulus E, Poi-
son’s ratio v, and mass density p,. The shell middle surface
radius is @ and its thickness is 4. The shell radial deflection
and the acoustic pressure field, respectively, can be expand-
ed in terms of series of Legendre function as the following:

w(6,T) = i W, P, {cos 8 Jexp( — iwt ),

m=0
- ~(10)
R
EXCITATION PRESSURE
D e~iwt
a
h
SPHERICAL ELASTIC SHELL
FIG. 1. Submerged spherical elastic shell.
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PRGE) = Y Pm(R)P,(cos B exp( — iwt).
m=0

where P,, is the Legendre polynomial of the first kind and
mth degree. For brevity, the time factor exp( — iwt) will
hereafter be omitted. The expansion of the distributed load is

P =3 PrPnlcost)
s — 0O

b i [P, _,(cos @) — P, . (cos @)] Py (cos ).
B | (11)

Equations (15)—{18) are used with Eq. (12), the equation of
motion, to determine the distributious of pressure and nor-
mal acceleration on S. The farfield pressure is then calculat-

ed by Eq. (3)-

11l. RESULTS AND DISCUSSIONS

Numerical calculations are carried out for the following
material properties and geometrical data:

The equatién of motion of the spherical elastic shell can be p=1000kg/ m’, H - Q?g/j;/ -
written as™!® ‘ ¢ = 1524 m/s, Ve —ane iﬁzxjy‘a
raw, = — [P+ Pnla)] (12) p, = 7668.71 kg/m,
where E=2.0671141 X 10" Pa, 2 el
r, = (&ﬁ?_z_) v=0.3,
m 2 -
a h /a = 0.03,
k4a4'-(Am+Cm)k2a2+(AmCm_BmDm) '
X . %% . a = 0.628319 rad. (19)
2 Soomm+1)—(1—9v) \ Plots of the polar patterns of the farficld pressure amplitude
An=C (2 +mm + 1= 14 v 1), at R = 20a resulting from using the exact and approximate
) ol mim + 11 —v) X préssure to acceleration relationships are presented here.
B, =m(m+ 1KC ’(1 + -—-—i-—-—-——-—f ), / (13) The exact farfield pressure is computed using the series
Wﬂw/< summation of Eq. (10). The convergence criterion for the
C, =(1+I)C ZM’ D i summations of the Legendre series for the pressure and ac-
1+v gfh oy miiﬁ W, celeration on S and the farfield pressure is ‘
= o Loz

D, =B,/Imim+1)],
C*=E/lp,(1—w), I=h*/(12d).

Solving Egs. (1}, (2), and (10) here, the radiation pressure can
be written A

P,.(R)=pcs’[hn kR )/h 1 (ka) W, (14)

where 4, is the spherical Hankel function of the first kind
and a prime denotes differentiation of the Hankel function
with respect to its argument. Evaluating Eq. (14)at R=a
gives the exact relationship between the acoustic pressure on
S and the normal acceleration of the shell. Combining Eq.
(14) at R = a with Eq. (12) yields the exact normal accelera-
tion and surface pressure. The total pressure field can then
be determined by performing the summation as required in
Eq. (10). Alternatively, the resulting distributions of pres-
sure and acceleration on S can be used in conjunction with
Eq. (3) to calculate the farfield pressure.

The asymptotic equations (6)-{(9), like Eq. (14), are ap-
proximate relationships between the pressure and normal
acceleration at S. For a spherical surface, it has been shown’
that the values of My, 4;, and 0, for the mth mode are,
respectively, 4mpa®/[(m + 1)(2m + 1)}, 47a*/(2m + 1), and
(m + 1)c/a. Therefore, the modal forms of Egs. (6)—(9) are,
respectively,

[1 — ika(m + 1) — k%a*]p,, = pao®lika — (m + 1)]w,,,

(15)

lika — (m + 1)1p,, = pae’w,,, (16)

Pm = — l©pcWw,y,, (17)
and

(m+1p, = — paw*w,, . (18)
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(5 - s )/5r <0000,
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FIG. 2. Farfield pressure at kz = 0.5 and 1.0.
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