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A solution is presented for the interactive transient response of a submerged double-walled elastic sphere,
flooded between the walls, to a plane step pressure pulse, using the general purpose finite element structural
analysis computer program NASTRAN with the doubly asymptotic approximation (DAA) for external surface
interaction loading and explicitly modeled fluid finite elements for between-wall coupling. The methods used
are described and problems encountered in implementation are discussed, along with approaches used in
overcoming them. Results are compared with an available exact solution for the same configuration, and with
exact and approximate solutions for the inner shell as a stand-alone submerged structure. The comparisons
indicate generally satisfactory results, verifying the applicability of these methods for a submerged, double-
walled structure. In addition, the double-single shell comparisons suggest a hitherto untried means of
improving the later-time accuracy of a finite element/DAA computation for a single-walled submerged
structure by including in the structural model a few layers of fluid finite elements adjacent to the outer

surface, and applying the DAA loading at the outer surface of this fluid envelope.

PACS numbers: 43.20.Rz, 43.20.Tb

INTRODUCTION

The problem of the transient interaction between a
pressure wave and a submerged elastic structure is of
continuing interest. It is amenable to more or less
exact solution only in certain special cases, chiefly
exemplified in work of Huang,'? who has applied clas-
sical techniques of separation of variables and Laplace
transforms to obtain convergent series solutions. On
the other hand, approximate methods, though less pre-
cise, can be more generally applicable, while the
availability of exact solutions for certain special con-
figurations provides a basis for evaluation of a given

~ approximation technique.

The current state of the art in approximate methods
is represented by finite element structural analysis
with the doubly asymptotic approximation (DAA) of
Geers.®* Considerable success has been achieved at
DTNSRDC utilizing the widely available general pur-
pose finite element program NASTRAN in this way.®®

The present paper details the application of these
techniques to an otherwise simple submerged structure
having the added complication of a contained fluid vol-
ume, requiring explicit finite element modeling of the
contained fluid. Methods of accomplishing this are
described and discussed, and time histories of com-~
puted responses are presented and compared with other
solutions, both exact and approximate.

I. PROBLEM DESCRIPTION

The configuration studied is shown in Fig. 1. In
fact, it is the same configuration previously solved by
Huang® using integral transform methods, thus facili-
tating the evaluation of the present approximate meth-
ods.

A1l opinions or assertions made in this paper are those of
the authors and are not to be construed as official or neces-
sarily the views of the Navy or the naval service at large.
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The structure is a double-walled steel shell con-
struction, submerged in water and flooded between the
walls. The geometric proportions and material prop-
erties are taken from the dimensionless parameters
used by Huang. In proportional units {(a;, pa;, a,/c)
they are ’

inner shell middle surface radius
a,=1.0

outer shell middle surface radius
a,=1.25

inner shell thickness
hy=0.02

outer shell thickness
h,=0.005

mass density of fluid
p=1.0

sound speed in fluid
c=1.0

mass density of shells
ps=T.78846

Young’s modulus of shells
E,=96,977

Poisson’s ratio of shells
v,=0.3

The structure is impinged upon by a plane wave having
the waveform of a unit step pressure pulse, again, as
in Huang. Solution with the unit step incidence im-
mediately establishes the response {0 impingement by
a discontinuous wave front, and, once in hand, -can be
used to determine the response to any waveform through
convolution integration.
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FIG. 1. Problem configuration.

1. FORMULATION

The development described herein essentially follows
the general methods previously presented by Ever-
stein,®*® adapted and specialized as needed to the pres-
ent problem configuration. Briefly stated this approach
involves applying the direct transient integration cap-
ability of the finite element structural analysis com-
puter program NASTRAN , modeling both structure and
contained fluid with finite elements and using the doubly
asymptotic approximation (DAA) of Geers** for sup-
plying the external scattered pressure.

The general matrix form of the equations of motion
which are integrated by NASTRAN is’

Mi+Bu+Ku=F. (1)

Viewing the inner shell, inner fluid, outer shell, and
outer fluid as four separate “structures,” coupled only
at the interfaces, and labeled'1, 2, 3, and 4, respec-
tively, a matrix equation of the form of (1) can be set
up for each, with internal degrees of freedom on the
left-hand side and forcing functions on the right. For
shell structures 1 and 3 these are straightforward and
can be written as®

M,u, +Ku, =~ A0, (2)
M363+K3113=A3/2('12-A3,4('14—A3/4p5 s (3)

where y; ie the vector of grid point displacements of
structure j, M; and K, are the lumped mass and stiff-
ness matrices, respectively, of structure j, A;,, is a
matrix of area components converting pressures in
fluid region % to forces on shell structure j, p; is the
time dependent vector of incident free-field pressure
in the external fluid (region 4), and ('1,, is the vector of
scattered or interaction pressures f; at grid paints in
fluid region k; i.e., Py =P, TP, at all points. The
scattered fluid pressure variable p, has been replaced
by a new variable g, essentially the scattered velocity
potential in the fluid, defined so that §=p,. This is
done to avoid the numerical problem of a Dirac delta,
which is otherwise required in the fluid equations be-
cause of the discontinuous incident pressure wave front.

It has been shown® that the fluid dynamic responses
can also be represented in discretized form by sets of
linear differential equations in the scattered velocity

1777 J. Acoust. Soc. Am., Vol. 70, No. 6, December 1981

potential ¢, having the general matrix form
Qq +D§+Hg=G, (4)

identical to that of Eq. (1). Consequently, utilizing one
displacement degree of ireedom at each fluid grid point
to represent scattered velocity potential and constrain-
ing the other Iive to zero, the fluid Eq. (4) can be
solved simultaneously with the structure Egs. (1) by
NASTRAN if the analog fluid inertia, damping, stiff-
ness, and forcing matrices (Q, D, H, and G, respec-
tively) can be defined numerically to the program.

In the inner fluid region explicit finite element fluid
modeling is used.® with fictitious material properties
chosen so that the elasticity equation in the single dis-
placement degree of freedom remaining at a fluid grid
point becomes identical numerically to the wave equa-
tion. This condition will be fulfilled by any combination
of input material properties p,, G,, and v, such that

(2 -v,)]/(1 -2p,) =1 (5)
and
pe/G.=1/c? (6)

and compatible analog fluid inertia and stiffncss ma-
trices will be automatically computed by NASTRAN .
Condition (5) is met numerically by letting

E,=Gx10% (7)

causing the required value of v, to be computed inter-
nally. For convenience, condition (6) is met by choos-

. ing
G,=1/p, 8)
so that
E,=(1/p)x 10%° )
and
pe=1/pc?. (10)

With these values and the fluid~solid interface boundary
conditions, the analog matrix equation of motion of the
inner fluid (region 2) becomes

Q. 9, +H, @, = AT T, — AT/, 1y
In the external fluid region the DAA is used for in-

teractive pressure loading p,. The basic matrix form
of this approximate relation is

Ps + p o M;'A p, — poiiy, (12)
where M, is the added mass matrix for the outer shell
(structure 3) submerged in the infinite external fluid
(region 4), involving only surface normal degrees of
freedom, and Y, is the vector of scattered wave particle
accelerations normal to the structure surface and posi-
tive into the fluid. As applied in the velocity potential
form® compatible with the equations of motion of the
other three regions, and again incorporating fluid—
solid interface boundary conditions this becomes

(1/pc)A 404 + Ay MZ'A 0y,
= A:/41{‘3 +{1/pc)Ay Py cos b,y (13)

where set 41 is the set of fluid degrees of freedom at
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the interface between shell structure 3 and fluid region
4, and A,, is a diagonal matrix of area factors relating
fluid interface degrees of freedom and surface normal
interface degrees of freedom.

Equation (13) again is of the form of Eq. (4), with the
inertia matrix Q=0, damping D= (1/pc)A ,, stiffness
H=A,M;'A,,, and forcing functions G=AT, 0, + (1/
pc)A, p; cos 6,,. If the added mass matrix M, is com-
puted externally the stiffness H can be formed and in-
put directly to NASTRAN , Alternatively, M, can be
approximated by internal computation. It has been
shown® that for a structure (3) submerged in a finite
fluid region (4) with both (8) and (4) modeled with finite
elements and with the set of structure surface normal
interface degrees of freedom in one-to-one corre-
spondence with the fluid interface degrees of freedom
(set 41), the added mass matrix is given by

M, = A41(H;1)-1A41 P (14)

if the fluid stiffness matriz H, (reduced by static con-
densation to Hj) is assembled using fictitious fluid ma-
terial properties

e=1/p, (15)

and

E,=10%G, = (1/p)x 10%°, (16)

and if each fluid grid point is limited to one uncon-
strained translational degree of freedom. Although the
added mass matrix so constituted varies for different
finite fluid regions with the same interface sets, it ap-
proaches the infinite fluid region matrix if the outer
fluid boundaries (where p = 0) are sufficiently far® from
the structure.

With the internally computed fluid stiffness matrix
H, internally condensed to Hf Eq. (13) becomes
(1/pe)Agay ' 1159,

=AJ; U, + (1/pc)A, p, cos by,
where also the fictitious element mass density p, =0
is used to nullify the automatically computed inertia
matrix Q. Alternatively, Eq. (17) can be expanded to

include all unconstrained degrees of freedom of the
finite external fluid region,

(l/pC)Ac}Elq +H = A;l«iﬁs + (l/pC)quh cos 6, (18)

(7)

since all coefficient matrices A,,, have nonzero entries
only at intersections of rows and columns correspond-
ing to interface degrees of freedom. H, is then the un-
condensed fluid stiffness matrix of the external fluid
(region 4).

Equations (2), (3), (11), and (17) together now repre-
sent a system of equations which is again of the form of
matrix Eq. (1), and which can be represented sym-
bolically in partitioned form as in Eq. (19).
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Here set 21 is the set of inner fluid degrees of
freedom at the interface between shell structure 1 and
fluid region 2, and set 23 is the set of inner fluid
degrees of freedom at the interface between shell
structure 3 and fluid region 2, while set 22 contains
the remaining, noninterface, inner fluid degrees of
freedom. In this form the fluid and structural par-
titions are uncoupled on the left-hand side, all cou-
pling occurring through velocity dependent loading
terms on the right-hand side. In using this form the
grid point numerical sequencing is chosen to maintain
the uncoupled partitions on the left-hand side and the
condensed fluid stiffness matrix Hj, (small and full)
is used, to minimize matrix size and bandwidth. Dif-
ficulties have been experienced in achieving numerical
stability using-this form in the present problem.
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Alternatively, the velocity dependent loading terms
can be moved to the left-hand side as coupling terms in
the damping matrix Eq. (20).
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Now only the time dependent incident pressure loading
terms remain on the right-hand side, and the numeri-
cal time integration by NASTRAN is inherently stable.’
Other numerical advantages are lost in the process,

however, in the increased bandwidth of the coefficient
matrix due to increased coupling on the left-hand side
and in the loss of symmetry in the damping matrix,

somewhat balancing the increased time step size per-
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FIG. 2. Finite element model 1.

missible. In using this form the grid points are se-
quenced to minimize the overall bandwidth, and the un-
condensed stiffness matrix of the external fluid region

qu[ Hy, Humz]

(21)
H42/41 H42

is used. The 4/4 partition 1s therefore large and
sparse. Both of these alternative forms have been ap-
plied to the present problem.

i, IMPLEMENTATION

Although not required by the method or by NASTRAN,
which is a general purpose structural analysis pro-
gram, the economies of symmetry were exploited where

. possible in the present problem, due to axial symmetry
of both the structure and the loads, and therefore of the
expected responses. The axisymmetric element ca-
pability of NASTRAN was employed,® with a two-dimen-
sional mesh of ring nodes established by RINGAX
cards, as indicated in Figs. 2 and 3. The shell struc-
tures were modeled with CONEAX axisymmetric con-
ical shell elements, and the fluid regions with TRIAAX
axisymmetric solid elements. Time dependent loads
were applicd via TLOAD 1, DAREA, and DELAY cards,

and velocity dependent loads by the nonlinear load card
type NOLIN 1. The {fictitious damping matrix was en-
tered directly via the DMIG card type. The inertia and
stiffness matrices were computed internally by
NASTRAN, in the case of the fluid partitions with fic-
titious material properties entered via the MAT1 card

type. For region 2 (internal fluid) these are
G,=1.0,
E,=1.0x10%,
pe=1.0,
and for region 4 (external fluid)
G,=1.0,
E,=1.0x10%,
p.=0.0.

Static condensation of the external fluid stiffness par-
tition H,, where appropriate, was accomplished by way
of the OMITAX card type.

The axial translational degree of freedom (dof 3) was
used as the potential-analog degree of freedom in the
fluid regions.® All other degrees of freedom of all
fluid ring nodes were constrained to zero, and at the
external fluid outer boundary the dof 3’s were also
constrained as per the outer boundary condition ¢ = 0.
The circumferential translational (dof 2), radial ro-
tational (dof 4), and axial rotational (dof 6) degrees of free-
dom of all shell ring nodes were constrained hecause of
axial symmetry of the loading and therefore of the re-
sponses.

The outer boundary of the external fluid, where all
fluid degrees of freedom were constrained to zero, was
taken to be spherical and set at a radius of approxi-
mately 4.2, or roughly 3.4 times.the radius of the out-
er spherical shell, a proportion previously demon-
strated to place the boundary sufficiently far from a
spherical structure for valid use of Eq. (19) or (20).

The initial attempt at a solution was made in the form
of Eq. (19), that is with right-hand-side coupling using
velocity dependent loads, and condensed external fluid
stiffness partition H’,,. The finite element modeling
was as shown in Fig. 2, designated model 1, with 20
equal angular divisions between the positive and nega-
tive poles, two geometrically progressive radial di-
vicions in the inncr fluid, and scven in the external

TABLE 1. Computational statistics.
Finite No. of No. of CDC 6400
element ring solution set  Time step No. of cpu time
model Formulation  nodes dof’s {AT) time steps (s)
19 0.05 406 1200
(RHS 273 202 0.025 812 1900
1 coupling) 0.0125 1624 3200
0.00625 3248 5900
20 0.1 203 1001
(LHS 273 328 0.05 406 2017
coupling)
2 20 558 643 0.1 203 2930
1779 J. Acoust. Soc. Am., Vol. 70, No. 6, December 1981 Neilson et a/.: Transient response of a shell structure 1778
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fluid region. The ring node numerical sequencing
was by (1) region (1,2,3,4), (2) angular location (1 to
21), and (3) radial location within the region, thus
maintaining the uncoupled structure and fluid partitions
-on the left-hand side of Eq. (19). Finally, the time
step size used for numerical integration was AT =0.05
or 1/20 of the radial transit time, i.e., the time re-
quired for the wave front to travel the distance of the
middle-surface radius of the inner sphere.

The above characteristics were chosen on the basis
of a previous successful NASTRAN /DAA solution of a
submerged single-walled spherical shell physically
identical to the inner shell of the present configuration.
However, in the double-sphere case severe instability
was encountered in the computed results. Three ad-
ditional runs were then made, each with the same mod-
eling and formulation but with the time step reduced by
half from the previous run, the final run thus using a
time step AT=0.00625. With each reduction in time
step the magnitude of the instabhility oseillations was
greatly reduced, but never disappeared entirely, while
the computation time increased sharply (Table I).

The prohlem was then reformulated in accordance
with Eq. (20), that is with left-hand-side coupling and
using the uncondensed external fluid stiffness partition
H,. The finite element representation remained model
1, again as shown in Fig. 2, but with the ring nodes
sequenced according to (1) angular location, (2) region
(1,2,3,4), and (3) radial location within the region, in
order to minimize the overall matrix bandwidth and
wave front. This mathematical configuration was then
run with time steps of 0.05 and 0.1. In both cases the
results showed no tendency toward instability over the
time span of the computation, as expected, since the
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FIC. 8. Finite cicment model 2.
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loading at any point was now exclusively time depen-
dent. Also, computation times were reduced con-
siderably from those for the best results using right-
hand-side coupling (Table I). However, some ex-
traneous, evidently purely numerical distortion of the
computed results was still apparent, indicating that
refinement of the finite element model was needed.
Chiefly suspect was the modeling of the inner fluid re-
gion, where no more than two radial divisions could be
made with the'20 equal angular divisions without ex-
cessive elongation of the fluid element cross sections.

The physical configuration was then remodeled as
shown in Fig. 3, with 30 equal angular divisions be-
tween the positive pole (0°) and the negative pole (180°),
allowing three geometrically progressive radial divi-
sions in the inner fluid and 11 in the external fluid re-
gion. The problem formulation indicated by Eq. (20)
was again used, with left-hand-side coupling and uncon-
densed external fluid stiffness partition H,. The ring
node numerical sequencing was the same as previously
indicated for left-hand-side coupling with model 1.

The time step used for this final configuration was AT
=0.1.

IV. RESULTS AND DISCUSSION

Representative final results are shown graphically in
terms of relative axial displacement between the apexes
of the inner shell in Fig. 4 and in terms of inner shell
velocity components in Figs. 5 through 9. Preliminary
results from the present investigation are included in
Figs. 5 and 6 for comparison purposes. Likewise,
relative displacements taken from the series solution
of the double-walled configuration®? are included in
Fig. 4, and velocity components from previous series!
and NASTRAN /DAA solutions of the corresponding
single -walled configuration are included in Figs. 7-9.
Note that in Fig. 4 the zero of time is the wave -front
arrival time at the Z location of the positive pole of the
inner sphere, while in Figs. 5 through 9 it is the initial
impingement time of the outer sphere.

Examining the progressions of results in Figs. 5 and
6 through the previously described sequence of model-
ings and formulations, limiting tendencies appear to

-1.0 T T T l 1 T 1 T

NASTRAN/DAA

. MUANG veww

Iw 10,7} - w {180, 711 /2
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0.0 1.0 20 30 4.0 50 6.0 7.0 8.0 8.0 100

FIG. 4. Relative radial displacement between positive and
negative poles of inner sphere.
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FIG. 5. Radial velocities of positive pole of inner sphere for
three mathematical configurations.

exist, but to be subject to. modeling-dependent numeri-
cal distortion, indicating that even further refinement
of the model might be beneficial in terms of accuracy
of the results. However, the computational costs of
such refinement increase rapidly, as can be seen in
Table I. In any practical application therefore the
degree of accuracy and resolution desired or required
must be considered in terms of the computational costs
entailed, a common situation in finite element analy-
ses.

Note that computational costs of the final run (Table I)
couuld be roughly halved without loss of accuracy by
symmetrizing the coefficient matrices on the left-hand
side of Eq. (20), since in NASTRAN the computational
load is reduced for symmetric matrix operations, The
stiffness matrix is then no longer positive definite, and
minor program changes in NASTRAN are required to
accept the unorthodox data ihput, i.e., negative ma-
terial properties for the fluid regione. The requisite
program changes have in fact been incorporated in the
DTNSRDC version of NASTRAN since the completion of
these analyses.

e T T T T T T T T T T
LHS COUPLING, 3 LAYERS =
LHS COUPLING, 2 LAYERS ~====-==--
“or AHS COUPLING, 2 LAYERS -+-oscroosones -
2.0
F o201
3
e
3
Aok
0.0
10 | \ ! i I 1 1 i { 1
00 20 4.0 6.0 8.0 100 120 14.0 16.0 180 200

FIG. 6. Radial velocities of negative pole of inner sphere for
three mathematical configurations.
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FIG. 7. Radial velocities of positive poles of inner ‘sphere and
single sphere.

The NASTRAN /DAA relative displacement results
plotted in Fig. 4 are those af the final run, using the
refined finite element model and left-hand-side cou-
pling. The “exact” results plotted are the series solu-
tion of Huang,? and agreement is obviously quite good
over the time span available for comparison, which was
limited to ten radial transit times.

It has been shown® that in the present configuration the
effects of the relatively thin outer shell on the inner
shell responses are small, consisting mainly of a slight
overall lowering of a given response curve for the un-
shielded inner sphere while maintaining its shape and
periodicity. Additional comparisons were therefore
made, in terms of inner shell velocity components,
between the present results and previous series solu-
tion' and NASTRAN /DAA single-sphere results (Figs.
7-9), which were available in greater quantity than the
double -sphere results and for a span of 20 radial tran-
sit times. The single -walled configuration was phy -
sically identical to the inner shell of the double-walled
configuration, lacking only the shielding outer sphere.

Qualitatively, these comparisons seem to bear out
the previous conclusion that the present results are
subject to modeling-dependent numerical distortion.

-0 T T T T T T T T T T

DOUBLE SPHERE, NASTRAN/DAA
SINGLE SPHERE, NASTRAN/DAA  &--8-0-0-¢
SINGLE SPHERE, EXACT (HUANG) ~mrmm-wew

w (90, T

10 L I 1 1 1 ] ! 1 1
0.0 20 4.0 60 8.0 10.0 120 140 16.0 18.0 20.0

FIG. 8. Tangential velocities of equators of inner sphere and
ecingle sphere.
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FIG. 9. Radial velocities of negative poles of inner sphere and
single sphere.

However, again qualitatively, the comparisons seem to
indicatc intrinsic shapes and periodicities in the present
results which more closely resemble those of the series
solution single-sphere results then of the NASTRAN /
DAA single sphere results, especially in the intermed-
jate time range from about 4 to 12 radial transit times.
Conjecturing as to possible causes of this apparent
phenomenon, the DAA is generally regarded as pro-
ducing good results at early times in fluid-structure
interaction problems, but providing somewhat exces-
sive damping of structure responses at later times.

An alternative technique is described by Everstine,®
comprising explicit finite element modeling of a finite
volume of fluid external to the structure, with applica-
tion of an appropriate radiation condition at the outer
fluid boundary. The present analysis utilized explicit
finite element modeling of a small fluid volume external
to the inner shell and applied the DAA to the outer
boundary of this fluid region through the thin outer
shell, which is virtually transparent to the incoming
wave.? Effectively, a small volume of fluid modeled
“exactly” (in a finite element sense) was interposed be-
tween the structure (the inner shell) and the damping
effect of the DAA leading, at least conjecturally, to the
apparent phenomenon described above.

Conjecturing further, this suggests that the outer
shell elements might be removed entirely, the DAA
then becoming the desired approximate radiation con-
dition on the outer boundary of the inner fluid. This in
turn suggests deliberate application as an aliernative
computational stratagem in a fluid-structure interac-
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tion problem if more detailed resolution of structure
responses, particularly in the intermediate time
ranges, is required to the extent that the added compu-~
tational effort is warranted; that is, modeling a few
layers of fluid finite elements external to the structure
surface and applying the DAA at the outer boundary of
the fluid volume modeled.

V. SUMMARY

A double -walled steel shell structure, submerged in
water and flooded between the walls, has been analyzed
using the general purpose finite element computer
program NASTRAN , with explicit finite element model-
ing of the contained fluid and approximation of the ex-
ternal fluid-structure interaction effects by the DAA.
Numerical results compare favorably with a previous
series solution of the same submerged structure, al-
though subject to apparent modeling-dependent numeri-
cal distortion. Comparisons with single-sphere solu-
tions, both by classical and finite element/DAA tech-
niques, have suggested a possible alternative solution
technique in general structure-fluid interaction prob-
lems; namely explicit finite element modeling of a
relatively small valime of fluid external to the sub-
merged structure, with the DAA utilized as the ap-
proximate radiation condition on the outer fluid bound-
ary.
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